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Analytical  and  experimental  fluid  mechanics  investigations  were  performed  to 
investigate  instabilities  in  atmospheric  flar  systems  associated  with  clear  air 
turbulence. This research  was  conducted by the  United  Aircraft  Corporation  Research 
Laboratories  under  Contract  NASW-1582  with  the  National  Aeronautics and Space 
Administration  Headquarters,  Washington, D. C . , 20546. The  program  vas  under  the 
technical  direction  of  the  Chief,  Fluid  Dynamics  Branch,  Code RRF, Office  of 
Advanced  Research  and  Technology. 
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Research on I n s t a b i l i t i e s   i n  AtmosDheric Flmr Svstems 

Associated  with  Clear Air Turbulence 

Analytical and experimental   f luid mechanics investigations were  conducted t o  
i n v e s t i g a t e   i n s t a b i l i t i e s  i n  atmospheric f lmr systems  associated  with  clear air 
turbulence. 

Most of the  experimental program was directed  tmrard  investigation  of  the 
s t a b i l i t y  of straight, s t r a t i f i ed   shea r  flows. The experiments  were  conducted  using 
the UARL open Water  Channel  which provides flows having wide ranges  of  shear,  density 
s t r a t i f i c a t i o n  and flmr  curvature. The channel i s  2-ft-lride  by  6-in.-deep  by 10-ft- 
long and has   f l ex ib l e   l uc i t e   s idewa l l s   t o  allmr adjustment of the  curvature. The 
f1or.r i s  non-recirculating and the maximum veloci ty  i s  about 1.0 f t / sec .  Hot-water 
nozzles and tapered f i l ter  beds a t  the  upstream  end a l l a r  v e r t i c a l  and transverse 
gradients of temperature and velocity  to  be  introduced.  Observations were made 
using dye  and  hydrogen  bubble t races;  measurements  were a lso  made using a hot-film 
anemometer. 

The results of t h e   f l u i d  mechanics investigations were then  applied i n  an 
investigation of  atmospheric  she- flows. Ai rc ra f t  and radiosonde data were  used 
i n  analyses of two cases i n  which stratospheric  clear air turbulence vas associated 
with  mountain  lee Traves.  The analyses  appear t o  confirm that very  s table   layers   in  
the  atmosphere can be destabi l ized  by  increases   in   shear  which  occur as the  layers  
flow through  lee ?raves. 

This phenomenon can  occur at all a l t i t u d e s  and i s  not   l imi ted   to  mountain l e e  
wave conditions. It can  be  associated  with  shear-gravity waves t h a t  occur when 
there  i s  a major inversion and strong wind shear; it can also  occur when stable 
layers  flow over  the  tops of large cumulonimbus clouds. Thus, the phenomenon could 
be responsible  for an appreciable  fraction  of  clear air turbulence  encounters. 



FBSULTS AND CONCLUSIONS 

1. The f l u i d  mechanics  experiments t o   i n v e s t i g a t e   t h e   s t a b i l i t y  of s t r a igh t ,  
s t r a t i f i ed   shea r  flows tended t o  conf i rm  the   t heo re t i ca l   s t ab i l i t y   c r i t e r i a  of 
Drazin and others .  The experimental  velocity and dens i ty   p rof i les   d i f fe red  somewhat 
from the  hyperbol ic   tangent   veloci ty   prof i le  and  exponential  density  profile assumed 
by  Drazin. However , his   theory and the  experiments were i n  agreement i n   t h a t ,   w i t h  
few exceptions, (1) the  flaws were s t ab le   fo r  Richardson numbers greater  than 0.25 
and ( 2 )  the  wavelengths of t h e   i n s t a b i l i t i e s   t h a t  were observed were in   the  range 
predicted by the   theory   to  be unstable. 

2 .  Drazin 's   cr i ter ion was  compared wi th   t heo re t i ca l   c r i t e r i a   fo r   o the r  
assumed veloci ty  and dens i ty   p rof i les .  All indicated  that   the  flaw should  be  stable 
f o r  Richardson numbers greater  than 0.25. Shorter  wavelengths  might  be  observed i n  
some unstable  shear  layers. However, Drazin's  theory  should  provide  reasonably 
good estimates of the  wavelengths  that  occur  in  atmospheric  shear flows. 

3. Four d i s t inc t   s t ages  were observed when the  shear  flaws  broke d m .  F i r s t  
there  was a region which  appeared  undisturbed. Downstream of th i s   reg ion ,  waves 
were observed. These amplified and t rans i t ioned   in to   vor t ices  which then burst t o  
form turbulence. The downstream distance a t  which the waves were f i rs t  observed 
varied  approximately  inversely  with  the  absolute  value  of  the  shear. As many as 
four  or  five  wavelengths were often  observed  upstream of the f i rs t  discernible  
vortex;  thus,  it i s  reasonable t o  expect   that   several   d is t inct  waves might  be 
observed in   the   i sen t ropes  when i n s t a b i l i t i e s  occur i n  atmospheric  shear  layers. 

4. The analyses of  two mountain l ee  wave cases  appear t o  confirm that   very 
s t ab le   l aye r s   i n   t he  atmosphere  can  be destabil ized  by  increases  in  shear which  occur 
as   the  layers  flaw through  the  long-wavelength  lee waves. S t ab le   l aye r s   i n   t he  
stratosphere were identified  using  radiosonde data. The s t a b i l i t y  of these  layers  
i n   t h e  lee-wave region was predicted by estimating  the changes in   shea r   t ha t  
occurred  near  lee-wave peaks and troughs and applying  the  cri terion R i  > 0.25 f o r .  
s tab i l i ty .   Draz in ' s   c r i te r ion  was used to  estimate  the  unstable  wavelengths  that  
might  occur in   these  layers. The estimated  wavelengths were i n  good agreement with 
wavelengths  observed in   the  isentropes  reconstructed from a i r c r a f t  and radiosonde 
data.  Moreover, the  locat ions of these waves and subsequent  turbulence  relative 
t o   t h e  peaks and troughs of the   l ee  waves were predicted  reasonably well.  
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INTRODUCTION 

There  continues t o  be considerable   interest   in   the  nature  and causes  of  clear 
air  turbulence.  This  interest  has  been stimulated by  the  planned development  of 
supersonic   t ranspor t   a i rc raf t .   In   addi t ion   to   the   cons idera t ions  of passenger 
comfort  and safety, CAT i s  important t o  SST designers  because  of i t s  influence on 
the  aircraft s t ruc ture ,  on s t a b i l i t y  and control ,  and on operation of t h e   i n l e t s  
and engines. 

Fundamental questions  remain  regarding  the  origins of cer ta in   types  of  CAT. 
Once these  or igins  axe determined,  improved cr i te r ia   for   p red ic t ing   the   occur rence  
of CAT can  be  developed  and  possible methods f o r  i t s  detection and avoidance  can 
be  evaluated. 

CAT i s  usually  associated  with flow systems  having  wind  shear and densi ty  
gradients,  and  sometimes with  curvature of the  streamlines.  The UARL Open Water 
Channel allows laboratory-scale   f luid mechanics invest igat ions of  such  .flows t o  be 
conducted. It was constructed by United  Aircraf t   specif ical ly  for research  that  
would contribute  to  understanding of the CAT problem. 

Accordingly,  the  principal  objectives of the  investigations  reported  herein 
were: (1) to  gain  increased  understanding of the  nature  and causes of turbulent  
atmospheric phenomena, par t icu lar ly   c lear   a i r   tu rbulence ;  ( 2 )  t o  develop improved 
cr i te r ia   for   p red ic t ing   neut ra l ly   s tab le   s ta tes   in   a tmospher ic  flow systems; and 
(3)  t o  compare the   r e su l t s  of this  research  with  available  meteorological  data 
and attempt  correlations.  

The main t e x t  of th i s   repor t   conta ins   th ree   sec t ions  --- a descr ipt ion of the 
equipment and procedures  used i n   t h e   f l u i d  mechanics  experiments, a discussion of 
an inves t iga t ion   of   the   s tab i l i ty  of s t ra ight ,   s t ra t i f ied   shear  flows, and a dis- 
cussion of the  appl icat ion of the  results  to  atmospheric  shear  flows. Appendix I 
describes  other  related  experiments  that  were  conducted  using  the  water  channel. 
These include  experiments  with an o s c i l l a t i n g   p l a t e   t o  induce  disturbances  in a 
shear  layer,  experiments  with  standing  shear-gravity waves, and experiments  with 
the  channel  walls  curved. Appendix I1 contains a summary of the   resu l t s  of 
meteorological  analyses of six  clear  air   turbulence  encounters from a i r l i n e ,  
mi l i ta ry  and AFCRL-NASA experience. Appendix I11 contains a br ief   g lossary of the  
principal  meteorological  terms  that   are  used  in  this  report .  
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DESCRIFTION OF EQUIFMENT AND F'ROCEDURES 

UARL Open Water Channel 

Figure 1 i s  a photograph  of t he  UARL Open Water Channel a md Fig. 2 i .s a sketch 
indicat ing i t s  major fea tures .   This   fac i l i ty   p rovides  a 2-ft-wide  by  6-in.-deep 
by  10-ft-long,  non-recirculating, open channel flaw. The luc i t e   s ide  walls extend 
about 2 i n .  above the  surface of t he  water. They are  held  firmly  in  place  by  weights 
and  the  joints  where the  wal ls  meet the  glass-topped  table which  forms the  channel 
f loor   a re   sea led .  The wal ls  can  be adjusted from the  straight-channel  posit ion 
(shown by   t he   so l id   l i nes   i n   F ig .   2 )   t o  any desired  curved-channel  position (shown 
by  the  dashed  lines)  with  the minimum center l ine  radius  of curvature  being  about 
6 f t .  The flow i s  i l luminated from beneath  the  glass floor using  f luorescent  l ights 
(v i s ib l e   i n   F ig .  1). 

Tapered f i l t e r  beds made from a porous foam material*  are  used  to  introduce 
des i red   ver t ica l  and t ransverse   ve loc i ty   p rof i les  a t  the  upstream  end of the  channel 
(Fig. 2 ) .  The foam material i s  bonded t o  porous s ta inless   s teel   support ing  s t ructures  

which are  bolted  to  the  cover of the  plenum. Several   d i f ferent   adjustable   s luices ,  
including some that  are  porous,  are  used a t  the downstream  end of the  channel. 
They provide  usable mean channel  velocities up t o  about 1.0 f t / sec .  

Hot-water  nozzles in   t he  plenum are  used t o  introduce  ver t ical  and transverse 
temperature  gradients  and,  hence,   density  stratif ication.  Figure 2 shows schemat- 
ical ly   the  nozzles   used  to   create   ver t ical   gradients ;   twelve  such  nozzles   are  
ac tua l ly   loca ted   in   the  plenum. Six  similar  nozzles  (not shown) a re   ins ta l led   wi th  
their   axes   ver t ical   to   create   t ransverse  temperature   gradients .  A f i l t e r   c o n s i s t i n g  
of screens and a 3-in.-thick  layer of  pebbles i s  used downstream of the  hot-water' 
nozzles t o  smooth the  temperature  profiles. 

With the  channel   wal ls   s t ra ight ,   the   or igin of the  coordinate  system  used t o  
descr ibe  points   in   the  f low  is   a t   the   juncture  of t he   t ape red   f i l t e r  bed, the  f l o o r  
of the  channel, and the  side wall nearest  the  observer  (see  Fig. 2 ) ;  x i s  neasured 
i n   t h e  downstream ( s t r e m i s e )   d i r e c t i o n ,  y i s  measured t ransversely from the wall, 
and z i s  measured ve r t i ca l ly  from the  f loor  of the  channel. With the  channel  walls 
curved,  positions  in  the  flow  are  described  by  z, by the  local   radius  r measured 
from the  center of curvature of the  channel, and  by the  running  coordinate s measured 
fron t h e   f i l t e r  bed along  the  centerline of the  channel  in  the downstream di rec t ion .  

* Scot t   indus t r ia l  Foam, a product  of  the  Scott Paper Company,  Foam Division, 
1500 East Second Street,  Chester,  Pennsylvania. 
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The central   region of the  channel away from  the  floor and side-wall  boundary 
layers  end away from the   f ree   sur face  i s  the  region of  primary i n t e r e s t .  The 
gradien ts   a t ta inable   in   th i s   cen t ra l   reg ion   vary   wi th  the loca l  temperature of  the 
water and with tt,e shear-layer  thickness.  The approximate  ranges  of ve loc i t i e s ,  
temperatures, and g rad ien t s   i n  tests reported  herein  were: 

Local  Velocities : 0.02 < v < 0.5 f t / s ec  
Velocity  Gradients : -3.5 < dv/az < + 3.5 sec-1 

-0.3 < dV/dr < + 0.6 see-1 
Local  Temperatures : 40 < T < 100 F 
Temperature  Gradients : 0 < dT/dz <+ 135  deg F / f t  

-4< dT/dr < o deg F/f t  

Several  experiments were a l so  conducted  with  convectively  unstable  flows,  i.e. , 
with dT/dz < 0. 

Use was made of the  curves  in  Fig.  3 (derived from tabulated data i n  Ref. 1) 
fo r   ca l cu la t ing   t he  Richardson numbers* for   these  flaw conditions. The range of 
Richardson number was from s l i g h t l y  less than 0 (for dTldz  < 0)  t o  near   in f in i ty  
( f o r  d V/dz app-loaching 0). 

The Reynolds numbers per uni t   length  in   the  channel  vary over wide ranges due 
t o  the wide ranges of both  veloci ty  and temperature.   In  the  present  investigation, 
the  minimum value was Re/l = 1200 per f t  f o r  V = 0.02 f t / s ec  and T = 40 F; the 
maximum was R e / P  = 67,800 per f t  f o r  V = 0.5 f t / s ec  and T = 100 F. 

The f loo r  of the  channel  slopes downward s l i g h t l y  toward the  s luice.  Thus, 
some provision i s  made fo r   t he   e f f ec t  on the  flaw of f loo r  boundary layer  growth. 
Nevertheless,  care must be taken to   assure  tha t  observations  are  not  influenced hy 
t h i s  boundary l a y e r ,   p a r t i c u l a r l y   a t  low channel  speeds.  Care must a l so  be taken 
to   assure   tha t   the   b locking   e f fec t  of the  sluice  under  low-velocity,  strong- 
stratif ication  conditions  does  not  influence  the  observations.  Under such  conditions 
it i s  necessary  to  throughly mix the flow in  the  channel  about  every 30 t o  45 minutes 
and then w a i t  f?r the  flow t o   s e t t l e  d m .  

* ~i = (-g/p)(dp/dz)/(aV/az)2 = (-g/P)(dp/dT)(dT/dz)/(dV/dz)2; using the 
measured T ,  p and dp/dT were  determined  from  Fig. 3.  

5 



Instrumentation and Test Procedures 

The principal  instrumentation  used  with  the  water  channel i s  a l so  shown i n  
Fig. 1. 

Dye Tracing 

Neutrally buoyant f luorescent  dye* i s  used to   obtain  qual i ta t ive  information 
about  the  nature of the  flow. It i s  an ef fec t ive  method for   ident i fying  the  presence 
of i n t e rna l  waves, vort ices  and turbulence; it cam a l so  be  used t o  determine  the 
wavelengths  of i n t e rna l  waves. The dye i s  injected  through 0.020-in.-ID s t a in l e s s  
s t e e l  hypo tubes  located  immediately  upstream of the   t apered   f i l t e r   bed .  The dye 
streamers  trace  out  streamlines  in  steady flows and streaklines  in  unsteady  flows. 
In   the  la t ter  case,  caution must  be used in   t he i r   i n t e rp re t a t ion   ( s ee   d i scuss ion   i n  
Ref. 2 ) .  

Bubble Tracing 

Measurements  of the   ve loc i ty   p rof i les  are made using  the hydrogen  bubble  wire. 
technique. A voltage i s   a p p l i e d   t o  a O.OOl-in.-dia platinum  wire  extending from 
the  channel  floor  through  the  surface  of  the water. Hydrogen bubbles  are  generated 
by  e lectrolysis .  The voltage may be  pulsed at 10, 5 ,  2 ,  or  1.0 cps t o  generate 
chains  of  bubbles  which d r i f t  downstream with  the  flow. The loca l   ve loc i ty  can  be 
determined  by  photographing  the  chains,  determining  the  distance between chains 
from the  photographs and dividing  by  the  time between chains. A t  low speeds,  only 
the  chains  closest   to  the  wire  are  used  to  prevent  errors due t o   r i s i n g  of the  
bubbles. The voltage  can  also  be  applied  continuously  to  create a sheet of  bubbles 
fo r  flow  visualization. 

Anemometry and Thermometry 

A D I S A  Type 55D01 constant-temperature anemometer i s  used f o r  measurements of 
velocity  f luctuations.   This  unit   is   used  with DISA Type 55A81 wedge-shaped hot-fi lm 
probes  ( insulated  for  use  in  conducting  media),  a Type 55D30 digi ta l   vol tmeter ,  and 
a rype 55D35 r m s  unit. The probes  are  calibrated  using  bubble-trace measurements 
to  obtain  velocity-voltage  correlations.  The highest  frequencies of i n t e r e s t   i n  
the  water  channel are l e s s  than 100 cps  while  the  frequency  response  of  the  probe 
and  anemometer i s  approximately  linear up t o  2,000  cps. The probe i s  mounted such 
t h a t  it can be t r ave r sed   i n   t he   ve r t i ca l  and t ransverse   d i rec t ions   a t  any  downstream 
location  in  the  channel.  

* Uranine concentrate powder in   water ;   concentrate  
Chemical Co., 82 Braintree  Street  , Alston  Sta., 

avai lable  from Sagamore Color & 
Boston, Mass. 
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Some  measurements of temperature were made  using  a  hot-film  probe as a  resis- 
tance  thermometer.  However, all of the  temperature  measurements  reported  herein 
were  made  using  a  standard  submersible  mercury-filled  thermometer. 
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INVESTIGATION OF THE STABILITY OF STRAIGHT, 
STRATIFIED SHEAR FLOWS 

Introduction 

The primary  purpose  of  the  fluid  mechanics program was t o  experimentally examine 
the   s t ab i l i t y   cha rac t e r i s t i c s  of s t ra ight ,   s t ra t i f ied   shear   f lows .  The end objec- 
t i v e  was to apply  the  resul ts   to   thin,   in i t ia l ly   s table   shear   f lows  occurr ing  in  
the  atmosphere.  Accordingly,  the program was d i rec ted  toward three areas:  (1) 
answering  certain  questions  concerning  the  conditions  under which  such  flows become 
unstable,  ( 2 )  determining  the  characterist ics of the flow during  the  ini t ia l   phases  
of breakdown,  and (3) ver i fying one o r  more of t he   ex i s t ing   t heo re ' t i ca l   c r i t e r i a   fo r  
subsequent  use in  studying  atmospheric  shear  flows. 

A great  many invest igators  have  performed theore t ica l   s tud ies   to   deve lop  
c r i t e r i a   fo r   i n s t ab i l i t i e s   i n   s t r a igh t ,   i nv i sc id ,   s t r a t i f i ed   shea r   f l ows .  A thorough 
and up-to-date summary of these   theore t ica l   s tud ies   appears   in  Ref. 3. O f  the ref- 
erences  c i ted  therein,   the  most per t inent   to   the   p resent   inves t iga t ion  axe by  Drazin 
(Ref. 4), Drazin and Howard (Ref. 5 ) ,  and  Miles and Howard (Ref. 6 ) .  Two-dimensional 
flow i s  assumed and analyt ic   funct ions  are   used  to   represent   the  ver t ical   prof i les  
of veloci ty  and density.  It i s  a l so  assumed tha t   the  change in   dens i ty   across   the  
shear  layer i s  small. With some exceptions  (Ref. 3 ) ,  the  flow i s  assumed t o  be 
unaffected by confining walls or a free  surface.  

The most fundamental and frequently  encountered  flow  consists of two uniform 
streams which  have d i f fe ren t   ve loc i t ies  and  which are  separated  by an intermediate 
shear  layer as shown in  the  sketch.  
Velocity  profiles of t h i s   t ype   a r e  
readi ly   c rea ted   in   the  UARL Open - 
Wa.ter Channel  by  shaping  the foam y,_J 
m a t e r i a l   i n   t h e   f i l t e r  bed a s  shown. 
The "hyperbolic  tangent"  velocity 
p ro f i l e  used  by  Drazin  (Ref. 4) and 
others most closely  approximates 
the  profiles  in  the  channel : 

VELOCITY 
PROFILE, V 

V = vo + - AV - tanh (To) 
z - 2  

2 
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In   this   equat ion,  V i s  the   loca l   ve loc i ty  a t  height z above the  channel  f loor;  
Vo = (VI + V2)/2 i s  the  veloci ty  a t  the  center of the  shear  layer a t  height zo; 
AV = (V1 - V2); and d = (AV)/2(dV/dz),. The l a t t e r  paxameter i s  a scale  length 
and i s  approximately  half  the  thickness  of  the  shear  layer.  Drazin a l s o  uses an 
exponential  variation of density  with  height:  

where Ri i s  the  Richardson number and g i s  the  gravitational  constant.  Since  the 
change in   densi ty   across   the  shear   layer  i s  small, a good approximation t o  Eq. (2)  

Drazin  derives a c r i t e r i o n   f o r   s t a b i l i t y   i n  Ref. 4 
t i o n  stream  function 

(3 1 

by introducing a perturba- 

into  the  equations  governing  the motion of t he   f l u id .  Here, a i s   t h e  wave number, 
a = 27r/X, and c i s  the complex wave velocity,  c = c + i c i .  The equations of 
motion  then y i e ld  a s ingle   s tab i l i ty   equa t ion .  Making use of t h e   f a c t   t h a t   t h e  
perturbations  neither  amplify  nor  decay when ci = 0, Drazin  solves  for  the  following 
equat ion   for   neut ra l   s tab i l i ty  on the a d  - R i  plane: 

r 
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The sketch a t  t h e  right shows t h i s  boundary and the  adjacent stable and unstable 
regions. The c r i t e r ion   i nd ica t e s   t ha t  
the  flow would be stable for   dis turbances 
of a l l  dimensionless wavenumbers, ad ,   fo r  
R i  > 0.25. For R i  < 0.25, it would be 
unstable  for  dimensionless wavenumbers 
which l i e  ins ide   the  boundary. ad UNSTABLE 

NEUTRAL  BOUNDARY 

Ri = 0.25 
a d =<22/2 

0- 
0 0.1 0.2 0.3 

R i  

The preceding  theoretical  considerations formed the  basis   for   planning  the 
experiments.  Several  important  features  needed t o  be  verified  and/or  investigated 
experimentally  to  provide  information  for  the  analyses  of  atmospheric  shear  flows. 
In   pa r t i cu la r ,  it was des i red   to   ver i fy   the   d i scre te   wave- l ike   na ture  of t h e   i n i t i a l  
disturbance and t o   o b t a i n  a method for  estimating  the  wavelengths  that  occur.  Next, 
it was des i r ed   t o  observe  the  stages  through  which in i t i a l   d i s tu rbances  proceed t o  
breakdown into  turbulence;  the  greater  the number of  wavelengths t h a t  occur  upstream 
of the  turbulence,   the  greater  the  probabili ty  of  detecting  small  waves on isentropes 
upstream  of  turbulent  regions  in  the  atmosphere. It  was also  desired  to  determine 
whether o r  not  Drazin's   cri terion, or a s imilar   cr i ter ion,   could be broadly  applied 
t o  shear  flows  without  detailed  consideration of every  small  "kink" in   t he   ve loc i ty  
and dens i ty   p rof i les .   F ina l ly ,  it was hoped tha t   t he   r e su l t s  would provide  further 
evidence  that R i  = 0.25 should be used as a c r i t i c a l  Richardson number i n  atmospheric 
analyses  since  there i s  s t i l l  discussion of t h i s   po in t  among theoreticians  (e.g. ,  
Refs. 7 and 8 ) .  

Summary of  Experimental  Results 

Velocity,  Temperature, and Density  Profiles 

Velocity,  temperature, and dens i ty   p ro f i l e s   fo r   t h ree   t yp ica l  flow conditions 
are   sham i n  Fig.  4. These data  are  for  three  different  Richardson numbers: 
R i  = 0.054 (Fig. 4 ( a ) ) ,  R i  = 0.141  (Fig.  4(b)), and R i  = 0.575 (F ig .   4 (c) ) .  The 
ve loc i ty  and temperature measurements  were made within 5 t o  10 in .  downstream of 
the  f i l ter  bed. As noted  previously,  use was made of the  curve  in   Fig.   3(a)   for  
ca lcu la t ing   the   dens i ty   p rof i les  from the  temperature  profiles.  The corresponding 
ve loc i ty  and densi ty   prof i les   in   Drazin 's   theory (Eqs.  (1) and (3))  are  shown by 
the dashed l i nes .  
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These pa r t i cu la r   ve loc i ty   p ro f i l e s  were selected  because  they show the   typ ica l  
d i f f e rences   t ha t  existed between water channel  velocity  profiles and the  corresponding 
ideal  hyperbolic  tangent  profiles  of  Drazin. Over the  central   por t ion  of   the  shear  
layer   the   s imi la r i ty  was good. The differences  usually  appeared  near  the  edges  of 
the  shear  layer  (particularly  near  the  law-velocity  edge).   Further commen,ts  on the  
small influence which these  differences  appear  to have on t h e   s t a b i l i t y  of  the  flow 
are included la ter  i n   t h e   r e p o r t .  

The three   ve loc i ty   p rof i les  a l l  show posit ive  shear,  i .e. , dV/d z > 0. Many 
t e s t s  were run with  inverted f i l t e r  beds (foam material thicker  above the  shear 
region  than below it) so as   to   c rea te   nega t ive   shear ,  i .e. , dV/dz < 0. The only 
e f f e c t  of the change in   s ign  of the  shear was to   r eve r se   t he   c i r cu la t ion  of the 
vor t ices  which  formed i n   t h e  breakdown region. F r o m  an operational  standpoint,, 
however, it was  more s a t i s f a c t o r y   t o  have the  higher  velocity stream on top  s o  as  
t o  minimize the   e f f ec t s  on the   ve loc i ty   p rof i le  when changes were made i n   t h e  flow 
through  the  hot-water  nozzles. 

The s ign i f i can t   f ea tu re   t o   no te  about  the  temperature  profiles  (Fig. 4 )  i s  
that   the   gradients  were f a i r l y  uniform or increased  steadily from near  the  floor 
t o  near  the  surface.  That i s ,  there  were no steep  local  gradients  analogous  to  the 
s teep  veloci ty   gradients   in   the  shear   layer .  

The experimental and theoret ical   densi ty   prof i les   (Fig.  4 )  were similar over 
only a portion of t h e   s h e a   l a y e r .  The smaller  the  density  gradient,   the  larger 
the  distance  over which the   p ro f i l e s  were s imilar  (compare Figs. 4(a) and ( c ) ) .  
The primary  reason  for this i s  t h a t  dp/dT i s  a strong  function of  water  temperature, 
pa r t i cu la r ly  a t  low temperatures. A s  shown i n  Fig.  3(b),  water  has a maximum den- 
s i t y  ( dp /dT = 0)  a t  about 39.2 F; t h i s  i s  the  reason why the  densi ty  i s  essent ia l ly  
constant ( d p / d z  approaches  zero) below the   shea r   l aye r   i n   a l l   t h ree   p ro f i l e s .  The 
control  of density  could  be improved i f  provision were made t o  preheat a l l  of the 
incoming water from i t s  temperature in   t he  main t o  perhaps 60 , x -  70 deg. 

Character is t ics  of Breakdown of Flow 

Figure 5 i l l u s t r a t e s   t he   s t ages  observed  as  the  flow in  the  shear  layer  breaks 
dam.  There are   four   very  dis t inct  and repeatable  stages which occur; dye t races  
i l l u s t r a t i n g   t h e  phenomenon are  shown in  the  sketch and i n   t h e  photographs. The 
photographs  were  taken  through  the  lucite  side w a l l  (Fig. 2 ) ;  the flow i s  from l e f t  
t o   r i g h t .  The scale  appearing  in  the  photographs was  immersed i n   t h e  flow  close t o  
the dye t races .  
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In  Fig. 5(a), the flow appears  undisturbed.  Neither  the dye traces   nor   the 
hydrogen  bubble t races  show visual  evidence of any perturbation. 

I n  Fig.   5(b),  which i s  8 in .   fur ther  downstream, the  center dye t race  indicates  
the  presence of a wave amplifying as it progresses downstream. The  wave has a wave- 
length of about X = 5.5 in .  and an amplitude  (half  the  distance  from  trough  to  peak) 
of  about a = 0.1  in. at th i s   po in t .  By placing dye probes a t  several   transverse 
locat ions it was ve r i f i ed   t ha t   t he  T l o w  was approximately  two-dimensional,  i.e., 
the wave extended  across  the  channel. 

I n  Fig. 5 ( c )  , which i s  another 19 i n .  downstream, the waves have ro l l ed  up i n t o  
vort ices .  The circulat ion of the'vortices  has  the same sense as the   vo r t i c i ty  
introduced by the sheax --- the  shear i s  negat ive  in   this   f law  condi t ion,  and a l l  
of the  vortices  rotated  counterclockwise.  These vort ices  grew s l igh t ly   i n   s i ze   a s  
they   dr i f ted  downstream. Their downstream drift veloci ty  was checked and found t o  
be  approximately Vo, the  velocity  upstream a t  the  center of the  shear  layer. The 
flaw was also  determined  to be  two-dimensional a t   t h i s   s t a g e .  (The small  kinks i n  
the dye streamer  in  the  lower  left   center of the  photograph  are  not  related  to  the 
flow pattern.  These  occur  occasionally when a drop  or two of dye t h a t  i s  s l i g h t l y  
more dense  than  the  rest comes through  the  probe.) 

I n  Fig.   5(d),  which i s  another 28 in .  downstream --- 66 i n .  downstream of the 
f i l t e r  bed --- the   vort ices  have  "burst" and the  flow  appears  turbulent. The f l u i d  
motions  were  three-dimensional a t  th i s   s tage .  

Experiments  were  conducted i n  which dye was in jec ted   in to   the   vor t ices  as they 
dr i f ted   pas t  a dye probe f ixed  in   the  channel  a t  x = 40 in.  Attempts were also made 
to  obtain  instantaneous  velocity  profiles by t r iggering a bubble  wire  as  the  vortices 
d r i f t ed   pas t .  Both the dye and the  bubbles  indicated  the  presence of s t rong  c i r -  
culation.  Further measurements  should  be made to  thoroughly  investigate  the  vortex 
velocity  profiles  immediately  upstream of the  point   of ,burst ing.  

These observations  are  in agreement with  the  theoret ical   analysis  of Michalke 
(Ref. 9 ) .  He calculated  l ines  of constant   vort ic i ty  and s t reakl ines   for  a hyper- 
bolic  tangent  velocity  profile  for R i  = 0. His r e s u l t s  show concentrations of 
v o r t i c i t y  which  superimpose a ro ta t iona l  motion on the  basic  flow. The observations 
are   a lso  s imilar   to   those of  Freymuth  (Ref. 10). I n  an experiment  with a f r e e   a i r  
j e t ,  he excited  disturbances  in  the  high-shear  region  using  acoustic waves. His 
smoke t races  show a similar development pattern.  
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Sections  of anemometer traces for   each of the   four   s tages   in   the  breakdown 
are   sham  in   F ig .  6. The approximate  values of the peak veloci ty   f luctuat ions a t  
the  predominant  wavelengths were obtained  from  the  traces and are shown in   F ig .  7. 

Figure 6(b) through (d) shaws subs tan t ia l  changes i n   t h e  shape of the  probe 
voltage  output as the  flaw t r ans i t i ons  from waves t o   i n i t l a 1   t u r b u l e n c e .  As 
i nd ica t ed   i n  Fig. 7 ( a ) ,  (b),  and ( c ) ,   t he re  was a strong component a t  A = 6 i n .  , 
the  approximate  wavelength of t h e   i n i t i a l  waves. This component increased from 
AV( A)/Vo x 100 = 1 percent a t  x = 20 i n .   t o  about 11.3 percent   in   the   tu rbulen t  
region.  In  the  vortex  region  (Fig.   7(b) ), a component appeared a t  A/2; addi t ional  
components appeared in   the   tu rbulen t   reg ion ,  some around A/4. Thus , there  appeaxs 
t o  be a cascading  of  energy  from  the  wavelength  of  the i n i t i a l   p e r t u r b a t i o n   t o   t h e  
higher  harmonics as the  breakdown progresses. 

Comparison  of Resul ts   with  Theoret ical   Stabi l i ty   Cri ter ia  

Figure 8 i s  a summary of   the  resul ts  and a comparison with  Drazin's   theoretical  
c r i t e r ion .  For  each  flow  condition,  the  Richardson number was calculated  using  the 
slopes ( d V / d ~ ) ~  and dT/dz from the measured p ro f i l e s .  The scale  length,  d ,  was 
calculated  using  the  slope (dV/dz),  and the  veloci ty   difference AV from the  veloci ty  
p ro f i l e ;  AV was based on the m a x i m u m  and minimum v e l o c i t i e s   i n   t h e   v i c i n i t y  of the  
edges  of the  shear  layer  (Fig.  4). The wavenumber, a = 27~//x, was calculated  using 
wavelengths  determined  from  photographs  of  the dye t races .  Thus,  each flow condi- 
t i o n   a t  which waves were  observed i s  identified  by a point on the   p lo t  of a d   v s  ' R i .  

The d i f f e ren t  symbols i n  Fig. 8 denote d i f f e ren t  flow cha rac t e r i s t i c s   t ha t  were 
observed. The open c i r c l e  symbol denotes  conditions a t  which only waves were observed; 
t h a t  i s ,  the waves extended  the  entire  length of the  channel  without  transit ioning 
t o   v o r t i c e s .  The wavelengths  of  these waves ranged  from  about 3 t o  6 i n .  The f l ags  
shown  on the open c i r c l e  symbols i n   t h e  symbol block  indicate  the  nature of the  
disturbances  observed --- f o r  example,  small-amplitude waves (such  as  those  in 
Fig. 5 ( b ) )  which pers i s ted ,  waves which seemed t o  grow i n  amplitude t o  a ce r t a in  
point  and then  not grow fu r the r  as they  progressed  damstream, and waves which 
appeared i n   t h e  flow only  intermit tent ly .  The ha l f - so l id  symbol denotes  flow 
conditions a t  which the  waves t r ans i t i oned   t o   vo r t i ce s   bu t   d id   no t   t r ans i t i on   t o  
turbulence  before  reaching  the downstream  end of  the  channel. The fu l l - so l id  symbol 
denotes  flow  conditions a t  which the  full sequence  of  events  occurred --- waves, 
vor t ices  and turbulence. The crosses  indicate  conditions a t  which  no  waves of the 



typi associated with instabi l i ty   occurred.  A t  some conditions  (indicated by (SW) ), 
standing,  long-wavelength  (12 t o  24 in.), shear-gravity waves occurred. These sheer- 
gravity waves were investigated  in some d e t a i l  and me  discussed  in  Appendix I. 

Examination  of  Fig. 8 ind ica tes   tha t  most of the  observations  are  in  reasonably 
good agreement with Drazin's boundary. All cases a t  which f u l l   t r a n s i t i o n  was 
observed f e l l  i n   t he  unstable region. One case i n  which suppressed waves end 
vortices were observed fa l l s  above the boundary  (Ri = 0.052, a d  = 1.15); two cases 
of intermittent waves and one  of steady waves also f a l l  above the boundary and a t  
R i  < 0.25. These four  cases  could  be  attributed to   d i f fe rences  between the  experi- 
mental   velocity  profile and Drazin's  hyperbolic  tangent  profile  (this  point i s  
discussed  la ter) .  The intermittent waves indicated a t  R i  = 0.42 and the  steady 
waves a t  Ri = 0.38 are  thus  the  only  unexplainable  points. There are no indications 
of errors   in   calculat ing  the Richardson numbers. It i s  possible  (but  not  l ikely) 
that the  channel  conditions changed af te r   the  bubble t race photographs were taken 
and the  temperature measurements  were made. 

The sheer, (dV/dz),, appears t o  be the  primary  factor  in  determining  whether 
or   no t   the   in i t ia l  waves t rans i t ion   to   vor t ices  and turbulence  within  the  120-in. 
length of the  channel.  Figure 9 shows the  locations a t  which  waves, vortices,  and 
turbulence were f i r s t  observed i n  each t e s t .  These data are  for  values of R i  
between 0 and 0.25 (no trend with Ri could be seen in   t he   da t a ) .  The trend  indicates 
that  the  distance downstream at  which waves were f i r s t  discernible  varied  inversely 
wi th  the  absolute  value of the  sheer  (Fig. g (a) ) .  This trend can  be  understood by 
examining the growth of  Helmholtz waves which  form  between two adjacent (d = 0)  
uniform streams without   s t ra t i f icat ion.  The r a t i o  of the  amplitude of a wave a t  a 
distance x damstream t o  i t s  amplitude a t  x = 0 (derived from the  definit ion of 
Helmholtz i n s t a b i l i t y   i n  Ref. 11) i s  given by 
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Equation (6) may be  writ ten as 

If it i s  assumed t h a t  a(.) i s  independent of the  flow conditicn and t h a t  some small 
amplitude i s  necessary  before a wave can be seen,  then  the  value of a(x) /a(o)  a t  
which waves w i l l  be seen would  be a constant. From Eq. ( 7 ) ,  with  d,  V , and h 
constant,  0 

x -  CONSTANT 
I(dv/dz 101 

which i s  the  t rend shown in   F ig .  9(a) .  

Curves  have  been drawn through  the  data i n  Figs.   9(b) and ( c )   t o   i l l u s t r a t e  
the  general   t rends  in   the  locat ions of the  f i rs t  vort ices  and turbulence  that were 
observed. On the  basis  of these  data ,  it i s   f a i r l y   c e r t a i n   t h a t  most  of the open 
and ha l f - so l id  symbols i n  Fig. 8 would  have been so l id  symbols ( indicat ing complete 
t rans i t ion   to   tu rbulence)  i f  the  water  channel had  been longer. The flow  conditions 
a t  which in te rmi t ten t  waves were  observed are  exceptions. 

The  number of wavelengths  which  were  observed  between the f i rs t  discernible  
wave and the  turbulence  varied  with  the  sheax. Four of f i ve   d i s t i nc t  wavelengths 
often  occurred  upstream of the f i rs t  vortex. 

Theore t ica l   c r i te r ia   for   p rof i les   o ther   than  DTazin's are  discussed  in  Refs. 3 
and 12 .  A l l  of t hese   c r i t e r i a   i nd ica t e  flow s t a b i l i t y   f o r  R i  > 0.25. The neut ra l  
boundaries on the  ad  vs R i  p l o t   d i f f e r  somewhat, a l though'for   veloci ty   prof i les  
reasonably  similar  to  those of the  experiments, none predic t   ins tab i l i t i es   having  
ad  greater  than  about 2 .  A n  example (from  Ref. 12) i s  shown in  Fig.  10. Hazel's 
ve loc i ty   p ro f i l e s   (F ig .   lO(a ) )   i n   t h i s  example are  nearly  sinusoidal;  they  resemble 
the  experimental   profile s h m   i n  Fig. 4(c) .  His dens i ty   p ro f i l e s   a l so   d i f f e r  from 
Drazin's,  although most of the  difference i s  outside of the  shear  layer. A comparison 
of Drazin's and Hazel ' s   c r i te r ia  i s  shown i n  Fig.  10(b). They both  predict   s tabi l i ty  
for   Ri>O.25.   In   addi t ion,   Hazel ' s   cr i ter ion  indicates   that  somewhat shorter  wave- 
lengths  ( larger  values of a d )  might be observed in  unstable  flows  having  velocity 
p ro f i l e s  which d i f f e r   s i g n i f i c a n t l y  from the  hyperbolic  tangent  profile.  



Concluding Remarks 

The primary r e s u l t s  of t h e   f l u i d  mechanics  experiments  which are app l i ed   t o  
atmospheric  shear flows in  the  fol lowing  sect ion are summarized here. 

F i r s t ,  the  experiments  indicate  the  general  applicability of t h e o r e t i c a l   c r i t e r i a  
such as those of  Drazin,  Hazel, Howard, Miles,  and  others which are  based on the sta- 
b i l i t y  of the  governing  equations of motion t o  small perturbation waves. In   pa r t i cu la r ,  
they  tend  to  confirm  Drazin's   cri terion even  though the  experimental  velocity and  den- 
s i t y   p ro f i l e s   d i f f e red  somewhat from h i s  assumed prof i les .  The t h e o r e t i c a l   c r i t e r i a  
of  Hazel,  which a re   for   d i f fe ren t   ve loc i ty  and dens i ty   p ro f i l e s ,   a r e   d i f f e ren t  from 
Drazin 's   cr i ter ion  only  in  that one might expect t o  observe somewhat shorter wave- 
lengths  in  unstable  shear  layers.   Drazin's  boundary,  however, would provide  reasonably 
good estimates of the  wavelengths that m i g h t  occur. The experiments and all of the 
theories  indicate that  0.25 should  be  used as t h e   c r i t i c a l  Richardson number. Finally,  
as many as four  or  five  wavelengths were often  observed  upstream of the f i r s t  discern- 
ible  vortex;  thus,  it i s  reasonable t o  expect that seve ra l   d i s t i nc t  waves might be 
observed in   the   i sen t ropes  when i n s t a b i l i t i e s  occur in atmospheric  shear  layers. 
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APPLICATION TO ATMOSPHERIC  SHEAR  FLOWS 

Introduction 

It i s  well known tha t   s t r a t i f i ed   shea r   l aye r s  analogous t o  those  investigated 
in  the  water  channel  experiments  are common in   bo th   t he  ocean  and the atmosphere. 
For  example, in   recent   papers  by Woods (Refs. 13 through 16), the  results of i n   s i t u  
studies  of flows within  the  ocean's  thermocline were reported. Woods  made de ta i led  
measurements  of ve loc i ty  and temperature  profiles  in  the  thermocline.  He found many 
d i s t inc t   s t ab le   l aye r s  up t o  about 10 cm i n  th ickness   in  which the  shear  and/or  the 
temperature gradient were approximately  constant. By re leasing  neutral ly  buoyant 
dye in   ce r t a in  of these   l ayers ,  he was able t o  observe  the  f low  characterist ics.   In 
some cases ,   the   layers  underwent  long-wavelength  undulating  motions --- wavelengths 
up t o  about 30 meters and amplitudes  up t o  about 1.0 meter --- and the  flow within 
the  layers  appeared  to  transit ion  to  turbulence.  Woods' dye t r a c e  photographs  of 
these  t ransi t ion  regions  are   very  s imilar   to  dye t r ace  photographs  of  shear-layer 
breakdowns observed in  the  water  channel  (e  .g. , compare Fig. 14 of R e f .  13 with 
Fig. 5 of the  present   report) .  

Woods pointed  out  that   these breakdowns wi th in   i n i t i a l ly   s t ab le   l aye r s  were a 
d i r e c t   r e s u l t  of  the  long-wavelength  undulating  motions. He used an equation  he 
obtained from a theo re t i ca l  development i n   P h i l l i p s  ( R e f .  17) t o  show t h a t ,   f o r  
cer ta in   l ayer  and long-wave conditions,   the change i n  shear which occurs  within  the 
layer   as   the flow approaches a peak  or  trough  of  the  long wave can  cause  the  local 
Richardson number t o  decrease below Ki = 0.25. Hence, the flow becomes unstable. 
This mechanism w i l l  be  explained i n  more d e t a i l  subsequently. The reasoning Woods 
applied  appears t o  support  his  observations  quite  well. 

Woods and other   invest igators  have  recognized tha t   s imi la r  flow conditions  could 
e x i s t   i n   t h e  atmosphere.  Phillips ( R e f .  17) and others have discussed  the fundamen- 
t a l  mechanism by  which  long-wavelength  undulating  motions  can  lead t o   t h e   i n s t a b i l i t y  
of i n i t i a l ly   s t ab le   shea r   l aye r s .  Ludlam (Ref. 18) re la ted   cer ta in  types of  billow 
clouds and c lear   a i r   tu rbulence   to   ins tab i l i t i es   in   shear   l ayers ;  he also  noted  that  
such i n s t a b i l i t i e s   t e n d   t o  occur a t  high  a l t i tudes downstream  of mountains.  Other 
invest igators  have made contributions which a re   i nd i r ec t ly   r e l a t ed .  One of these i s  
Mitchell  (Ref. 19) ;  i n  WU-2 f l i gh t s   i n   t he   s t r a tosphe re ,  he observed a correlat ion 
between c lear   a i r   tu rbulence  and layers  having  strong  temperature  stratif ication. 
Another i s  Spillane ( R e f .  20) who also  noted a correlat ion between s t ra tospheric  CAT 
over Woomera in   the   Aus t ra l ian   deser t  and sharp,  stable  "kinks"  in  the  temperature 
prof i le .  A t h i r d  i s  Hardy ( R e f .  21) who has  obtained  radar  returns from t r a i n s  of 
1.0- t o  3- or  4-mi waves with  associated  smaller-scale  turbulence  in  regions where 
a i r c r a f t  were report ing CAT. Hardy has  also  associated  these waves with  the 
breakdown of  sheax layers .  
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The possible  connection between Woods' observations  and  cleax air  turbulence  in  
the  atmosphere was brought t o   t h e   a t t e n t i o n  of the  present  authors by Professor 
R. W. Stewart (Ref. 22). Subsequently,  using  the  experimental results and the  
theo re t i ca l   c r i t e r i a   desc r ibed   i n   t he   p reced ing   s ec t ion  of t h i s   r e p o r t  as a bas is ,  
analyses were conducted  of several c l ea r  a i r  turbulence  cases  in which t h e  mechanism 
observed  by Woods might have occurred. Two of  these  cases are descr ibed   in   th i s  
sect ion of the  report .  

Fundamentals  of t he  Flow Condition 

A schematic  of  the  flow  condition is shown i n   F i g .   l l ( a ) .  A t  t h e   l e f t   a r e  
shown upstream wind and temperature  profiles  with a stable  shear  layer  having a 
thickness 2d. Within th i s   l aye r ,   t he  mean wind i s  Vo and the  mean temperature i s  
To; the  shear is  ( d V / d ~ ) ~  and the  environmental  lapse rate i s  bT/dz. 

A t  t h e   r i g h t   i n   F i g .  U ( a )  is  shown a portion  of a long-wavelength wave having 
an  amplitude a (which  might  be 2,000 o r  3,000 f t )  and a wavelength k ~ v  (which  might 
be 10 or 20 mi).  It i s  assumed in   t h i s   ana lys i s   t ha t   t he   t h i ckness  of the  shear  
l aye r ,   t he  mean temperature and the   l apse  rate a l l  remain  constant as the  flow  within 
the  shear  layer  experiences  the  undulating motion  (2d, To, and dT/dz are   constant) .  
From Ph i l l i p s  (Ref. 17), the   fol lowing  equat ion  for   the  increase  in   shear   that   occurs  
a t  the  peak ( s e e   F i g .   l l ( a ) )  can be  derived: 

For  flows i n   t h e  atmosphere  instead of t he  ocean, 

NM = Brunt - Vaisha frequency = d % [ ( d ~ / d ~  ) - ( d ~ / &  )ad] 
n = wave frequency = 2 TT v,/ XLW 

(dT/dz),d = adiabat ic   lapse  ra te ,  - 2.98 x 10-3 deg c/ft* 

This  increase  in  shear i s  added t o   t h e   i n i t i a l   s h e a r .  An expression  for  the minimum 
Richardson number (which  occurs  locally a t  the  peak i n   t h e  example given  but would 
occur a t  the  trough i f  t h e   i n i t i a l   s h e a r  were negative) i s  

++ Note use of minus sign  to  denote  temperature  decreasing  with  increasing  alt i tude.  
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N W ~  

RiM'N = [I(dV/dZ),l+ *(dv/dz 11' 

Since N2m>>n under d l  conditions of i n t e r e s t   ( t h i s  is only  untrue  for weakly s t a b l e  
lapse  rates, i.e., when dT/dz z z (  dI?/dz),d), t h e  expression can  be fur ther   s implif ied 
t o  

2 

From Eq. (11) it is evident   that  low values of RiMm are associated  with  large 
i n i t i a l   s h e a r s ,  ( dV/dz),; wi th   large long-wave amplitudes, a; and with low winds, 
Vo. The la t te r  two parameters are  not  independent, however, s i n c e   l u g e  amplitude 
waves  do not  usually  occur  under low-wind conditions. The e f f e c t  of the  environmental 
lapse rate, dT/dz,  on RiMm is  not  evident from Eq. (11) but can be  seen  in  Fig. 
l l ( b ) .  This  f igure is  based on typical  conditions  under which mountain l e e  waves a re  
observed i n   t h e  lower  stratosphere  (see,  for example, d e t a i l s  of the  two lee-wave 
cases   that   axe  descr ibed  la ter   in   this   sect ion  of   the  report) .  Curves a re  shown for  
two shears --- a small shear (1 kt/1,000 f t )  and a moderately  large  shear (12 k t s /  
1,000 f t ) .  The curves show the  somewhat su rp r i s ing   r e su l t   t ha t   t he   g rea t e r   t he  
i n i t i a l   s t a b i l i t y   ( i . e . ,   t h e   g r e a t e r  dT/dz),  the  lower RiMm W i l l  be. They a l s o  
show tha t   s l i gh t ly   s t ab le   l aye r s   a r e   no t   l i ke ly   t o  become unstable  unless  the 
i n i t i a l   s h e a r  i s  large.  Thus, it is  pr imari ly   the most s table   layers   appearing  in  
the  temperature   prof i le   that  are of i n t e re s t .  

Wavelengths  of I n s t a b i l i t i e s   t h a t  Might Occur 

The results of   the   f lu id  mechanics  experiments  discussed  previously  tend t o  
confirm  the  theoret ical   cr i ter ion of Drazin  (Ref. 4 ) .  The t h e o r e t i c a l   c r i t i c a l  
Richardson number of 0.25 and Drazin 's   theoret ical   var ia t ion of dimensionless 
wavenumber with  Richardson number fo r   neu t r a l   s t ab i l i t y   ( s ee   F ig .  8) were therefore 
used t o   p r e d i c t   t h e  wavelengths t h a t  might  occur when an   ins tab i l i ty   occurs   in   an  
atmospheric  shear  flow. These predict ions  are  shown in  Fig.   12.  

In  Fig.  12,  the  ranges of unstable  wavelengths ( X i n  mi) a r e  shown a s  
funct ions  of   the   shear- layer   thickness   (2d  in  f t )  f o r  local values  of R i  between 
0.25  and 0. Considering f i r s t  R i  = 0.25 (Fig.   12(a)),   only one wavelength i s  
unstable a t  each  value  of 2d --- A = (27r/J2).2d. This i s  t h e  wavelength 



corresponding t o   a d  =&/2, the  only  point a t  which D r a i n ' s  boundary  reaches as 
f a r   o u t  as R i  = 0.25 in   Fig.  8. For smaller values of R i  --- F i g s .   E ( b ) ,   ( c )  and 
(a)  --- there  are  increasingly  wider  ranges of unstable  wavelengths. 

One can argue  several   different ways t o  reach  the  conclusion  that ,  when an 
instabil i ty  occurs,   the  wavelength that w i l l  be  observed will be X = (2  7r/J2)*2d. 
This  wavelength (or  very  nearly  equal  wavelengths  in  other  theories) is of ten  said 
t o  be  "the most l ike ly"  or "the most unstable"  wavelength  based on i ts  t h e o r e t i c a l  
growth rate. However, another  viewpoint is t h a t   i f   t h e  Richardson number a t  the 
peak of the  long-wavelength wave i s  less   than  0.25,  then  the  flow  in  the  shear  layer 
must have experienced R i  = 0.25 on the way  up t o   t h e  peak.  Since  instabil i ty would 
occur a t  R i  = 0.25, the  wavelength  that would be  seen would therefore  correspond  to 
t h a t   f o r  R i  = 0.25, or X =  (27r/J2)*2d. 

Other  factors  enter  into  consideration when determining  the  expected  wavelengths. 
For example, the  usua l  radiosonde  profile i s  based on data  only at mandatory 
repor t ing   a l t i tudes  and a l t i tudes  a t  which s igni f icant  changes take  place.  Perhaps 
additional  data  points would lead  to  choice of other  shear-layer  thicknesses. Also, 
as the  sounding  balloon  r ises  to  stratospheric  al t i tudes,   inaccuracies m a y  r e s u l t  
because it has d r i f t e d  downstream  and  thus  does  not  provide a t r u e   v e r t i c a l   p r o f i l e  
a t  the  observing  station.  Furthermore,  the  velocity and densi ty   dis t r ibut ions i n  
the  sheax  layer w i l l  not  be  exactly  those assumed by Drazin.  This i s  l i k e l y   t o  
l ead   t o   s l i gh t ly   d i f f e ren t  wavelengths,  although  the  effects of vaxiat ions  in   the 
prof i les  have  been s h a m   t o  be s m a l l  (see  previous  discussion and Fig. 10).  

Thus, all t h a t  can  be sa id  i s  t h a t  X = (2  T / /2)*2d  should  provide a reasonable 
estimate of the  unstable  wavelengths  that  can  be  expected. As shown i n  Fig. 12, the 
expected  wavelength f o r  2d = 1,000 f t  is 0.7 mi, and f o r  2d = 5,000 f t  it i s  3.6 nmi. 
Nicholls  (Ref. 23), in  analyses  of  his  stratospheric lee-wave data  over  the 
southwestern U.S., has  consistently found s table   layers  from 1,000 t o  5,000 f t  thick 
with  internal waves (as determined from reconstructed  isentropes)  having  wavelengths 
from 1.0 t o  3 nmi. These observations  are  in  very good agreement  with  the 
predict ions  in   Fig.   12(a) .  

Analyses of Lee  Wave Cases 

California Lee Wave Case 

During the  winters of 1966-1967 and 1968-1969, Canberra and RB-5P f l i g h t s  were 
made over  the  southwestern U.S. to   s tudy  s t ra tospheric  waves and CAT under  mountain 
l e e  wave conditions.  Certain of t h e   a i r c r a f t  and  radiosonde  data were transmitted 
to   the   au thors  by Mr. J. M. Nicholls of the  British  Meteorological  Office who 
par t ic ipated i n  these  f l ights   (Refs .  23 and 24). All of  the 1966-1967 data w i l l  be 
published i n  Ref. 25. 
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A s  noted  previously, by reconstructing  isentropes*  using  radiosonde and aircraf't 
temperature measurements, Nicholls  has  found  stable ley-ers and small-wavelength 
internal  waves i n  m a n y  of his cases. He found these  stable layers flowed  through 
standing  lee waves which  had wavelengths of 6 t o  16 mi and amplitudes  (half  the 
height from  peak t o  frough) up t o  3,500 f t .  The stable layers ranged i n  thickness 
from 1,000 t o  5,000 f t .  The in t e rna l  waves had wavelengths of 1 t o  3 mi and 
amplitudes up t o  1,500 f t .  The CAT usually  appeared i n   t h e  troughs of the  long- 
wavelength features downstream  of the small internal  waves.  The  number of small 
waves that  occurred  upstream of the  turbulence  varied;  four were noted  often  (Ref.  24). 

Figure 13, which is based  on a similar figure  provided by Nicholls, shows an 
isentrope  for  a f l igh t   near   the  S a n  Bernardino Mounta.ins i n  Southern  California at 
about 37,000 f t  on February 3, 1967. The  wind is from l e f t  t o  aright  (west t o   e a s t )  
i n   t h i s   f i gu re .  According t o  Nicholls (Ref.  24): 

"The major  peaks of the  isentrope were f ixed   re la t ive   to   the  
mountains, and the  inferred  stationarity  implies  the  long- 
wavelength features  are  representative of mountain-wave airflow. 
The position  of  the  wavelets and turbulence on the  run and its 
reciprocal  (which was on a pa ra l l e l   t r ack  10 nmi to   the   nor th)  
are   c lear ly  marked. The  wind direction w a s  about 50 deg t o   t h e  
f l i gh t   t r ack  and, assuming a l l  peak and trough  axes  are  noma1 
t o   t h e  wind direct ion,   the   t rue wavelengths would be j u s t  above 
one-half  of  those shown i n  the diagram, i.e.,  about 0.9 mi f o r  
the  wavelets,  with a mountain wave separation of about 1 5  mi. 
The turbulence and  wavelets  appeared t o  be present i n  the  stable 
air brought down from  41,000 f t  by the mountain wave." 

Wind and temperature  profiles  for this case  are shown in  Fig. 14. Two very 
stable  layers  are  evident a t  a l t i t udes  n e a r  the  37,000-ft  flight  level  (Fig. 14(b)) .  
The upper layer is  approximately  2,600 f t  thick;  the  Richardson number w a s  
calculated  to  be R i o  = 77.6. The expected  wavelength from an i n s t a b i l i t y   i n   t h i s  
layer is xE( l )  = (2  ?r/x2) 2,600 = 11,560 f t ,   o r  1.9 nmi. The shea   i s  posit ive 
which would suggest t h a t  i f  an i n s t a b i l i t y  were t o  occur it would be  neax a peak of 

* From the  radiosonde data, the   p ro f i l e  of potential  temperature w a s  determined. 
A i r c r d t  measurements of temperature  along  the  flight  path were converted t o  
potential  temperature. It w a s  assumed that   the   potent ia l   temperature   prof i le  w a s  
unchanged  by the wave.  Then, the  height  of any spec i f ic   i sen t rope   re la t ive   to  
t he   a i r c ra f t  was determined from the   p rof i le  and the  potential  temperature at the 
a i rc raf t .   Actua l   a i rc raf t  a l t i t u d e  was then used to   locate   the  isentrope  re la t ive 
t o  sea level .  
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a lee wave instead  of neax a trough. The lower l aye r  is approximately 900 f t  t h i ck  
and the  corresponding  expected  wavelength is X E ( ~ )  = 0.7 mi. The Richardson 
number f o r  this l aye r  is R i o  = 8.7. The shear i s  negative, so t h a t   a n   i n s t a b i l i t y  
would be  expected  near a trough of a lee wave. These  and o ther   charac te r i s t ics   o f  
the  expected waves t h a t  will be  discussed  subsequently are summaxized under 
"California Case" i n  Table I. 

I f  it is  assumed that   the   radiosonde  data  are representative  of  undisturbed 
conditions  upstream of the  mountain waves, then  the minimum Richardson number t h a t  
would be  expected t o  occur i n   t h e   s t a b l e  layer is given by Eq. (10). This assumes 
that  the  shear  determined from the  radiosonde  profile,  (dV/dz),, i s  changed  by an 
amount A( dV/dz) determined from Eq. (9)  using  the  observed  long-wavelength 
chaxacTeristics from Fig. 13 and the   cha rac t e r i s t i c s  of the  individual   layers  from 
Fig.  14. Thus, for  these  calculations  the  following were used  with  the  appropriate 
dimensional  units: 

XLW, a, TO?  dT/d z , VO? ( dV/dZ)o, 
- - f t  deg C deg C/ l ,OOO f t  - k t s  kts/1,000 f t  Layer  mi 

The resul ts   of   these  ,calculat ions  are  shown in  Table I under "RiMm --- based 
on A(dV/d,z)." It w i l l  be  noted that  the  shear  decreased  the  Richardson numbers 
grea t ly .   In   l ayer  1, R i  decreased from 77.6 t o  0.28; i n   l a y e r  2, it decreased from 
8.7 t o  0.52. S t r ic t   appl ica t ion  of t h e   c r i t e r i o n   R i ~ ~ ~ q < 0 . 2 5   f o r   i n s t a b i l i t y   l e a d s  
one t o  conclude t h a t  an i n s t a b i l i t y  would not  occur and,  hence, small waves would 
be  unlikely. However, the  calculated  value  for  one  of t h e  two layers   ( layer  1) is  
very  close t o   t h e   c r i t i c a l   v a l u e .  A s l igh t   increase   in   shear  --- about 6 percent' --- 
above that  estimated  using Eq. (9 )  would r e s u l t   i n  R i  < 0.25, i n  which case waves 
would be   l ike ly .  

To obtain  the minimum value  of RiMm t h a t  can  reasonably  be  derived from a 
given set  of temperature and ve loc i ty   p rof i les ,  2 A (  dV/dz) can be  used i n  Eq. (10) 
instead of A(dV/dz). The reason   for   th i s  i s  tha t ,  at l ea s t   i n   t heo ry ,   t he  
difference  in  shear between a peak  and a trough is  2 A( dV/dz) . In   the  unl ikely 
circumstance  that  the  radiosonde was not t a k e n  upstream in  undisturbed a i r  but 
instead  passed upward through a t rough  ( in   the  case of pos i t i ve  (dV/dz),), then  the 
change in   shea r  would be 2 A  (dV/dz) . It i s  f a i r ly   ce r t a in   t ha t   t he   r ad iosondes   i n  
th i s   case  and the   ca se   t o  be  described  subsequently were not  in  undisturbed air, 
although  there is  no evidence  that   they were taken  precisely  through  troughs or 
peaks. 
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The values  of Rhm based  on 2 A  (dV/dz) are also shown i n  Table I. For  both 
layers, RiMm was much less than 0.25. Thus, under the  specified  conditions,   both 
of   the layers would be   c lass i f ied  as unstable and waves  would be  expected. 

The p r inc ipa l  results of t h i s   a n a l y s i s  can  be seen upon examination of Table I 
and  Fig. 13. The ca lcu la t ions   ind ica te   tha t  at least one  wavelength  should  appear 
( iE(l) = 1.9 mi) and t h a t  a second  might  appear ( XE(2) = 0.7 nmi). The isentropes 
in   F ig .  13 show severaLsets of s m a l l  waves having  wavelengths of about 0.9, 0.95, 
1.2, 1.3, and 1.5 mi; these  wavelengths are quite  close  to  the  expected  values.  
Moreover, X E ( ~ >  = 1.9 mi was expected  near a peak  and the  longest  wave observed, 

a trough and waves having io = 0.9, 0.95, 1.2, and 1.3 nmi were all observed i n  a 
trough.  Finally, it should  be  mentioned  that   the  potential   temperature  for layer 2 
was ca l cu la t ed   t o   be  8 = 334 K; t h i s  i s  very   c lose   to  8 = 333 K, which i s  the  
isentrope shown in   F ig .  13. The small waves in   th i s   spec i f ic   i sen t rope   a re   ev idence  
t h a t   l a y e r  2 d i d   i n   f a c t  become unstable. 

X 0  = 1.5 nmi, occurred downstream of a peak; s imilar ly ,  x ~ ( 1 )  = 0.7 was expected i n  

Nicholls  has  indicated  that  when s t ab le  layers such as those shown i n   t h e  
temperature   prof i le   in   Fig.  14( b )  occur,  they are c lear ly   ident i f iab le   in   wide ly  
dispersed  upstream  soundings ( R e f .  23).  He has  observed the  same detailed  temperature 
s t r u c t u r e   i n  as many as f i v e  soundings  spread  out  over  several hundred miles. The 
detai led  veloci ty   s t ructures  show the  same magnitude  shears b u t  with  more-or-less 
random v a r i a t i o n s   i n   t h e   a l t i t u d e s   a t  which they  occur. 

Before  leaving  this  case, it should be mentioned t h a t  Eq. (9 )  i s   t h e o r e t i c a l l y  
va l id   on ly   for  a s ingle   i so la ted   s tab le   l ayer   subjec ted   to  an undulating  motion. 
There is some question  regarding its use when two or more layers are   c lose  together  
as in   the  present   case  (Fig.  14) .  Calculations were made i n  which layers  1 and 2 
and the  intermediate  layer were "lumped".  The average  values of temperature,  lapse 
rate and wind ve loc i ty   (bu t   no t   i n i t i a l   shea r )   fo r   t he  "lumped" layer  were  used t o  
evaluate RiMm within  each  individual  layer. The calculated  values  of RiMm di f fe red  
somewhat from those shown i n  Table I; however, the  conclusions  regarding  the  l ikeli-  
hood of waves occurring were not  changed a t  a l l .  Similw results were obtained  with 
the  case  to   be  discussed  next   in  which many  more layers  were present.  Thus, it does 
not  appear t o  make  much difference whether the  layers   are   t reated  as   isolated  layers  
or as a s ingle  "lumped" layer when a s ses s ing   s t ab i l i t y .  

There i s  a p o s s i b i l i t y   t h a t  once s m a l l  waves occur, some in te rac t ion  w i l l  take 
place between waves in   ad j acen t  layers resul t ing  in   modif icat ion of the  observed 
wavelengths and amplitudes.  Resonant  coupling  between waves in   h ighly   s tab le   l ayers  
and resulting  amplitude  modulation  has  been  investigated  in  the  ocean  (Ref. 26). 
The existence of  such effects  in  atmospheric  flows of t he  type considered  in  this 
report   should  also  be  investigated.  



Colorado Lee Wave Case 

A similar analysis w a s  conducted f o r  a case  near  Boulder,  Colorado  on 
February 15, 1968. This case was well documented by D r .  Douglas K. L i l l y  of t h e  
National Center f o r  Atmospheric  Research. A descr ipt ion of the  case, which was 
prepared  before it was r ea l i zed   t ha t   t he  phenomenon under  consideration i n   t h e  
present   invest igat ion w a s  involved, w a s  given i n  R e f .  27. Addit ional   data   for  use 
i n  the  present   analysis  were obtained from D r .  L i l l y .  

The isentropes are shown in   F ig .  15. Three a i r c ra f t   pa r t i c ipa t ed   i n   t he  
experiment, and t h e  three groups  of  isentropes  indicate  the  approximate  ranges  of 
a l t i t udes  i n  which f l i g h t s  were made.  The f l i g h t  between  50,000 and 60,000 f t ,  which 
is the  a l t i tude  range  of   pr imary  interest  due t o   t h e  small waves and turbulence  that  
were encountered, w a s  made by the  U.S .A.F. HICAT U-2 airplane.  

The  wind w a s  from west t o  east ( l e f t  t o   r i g h t )   i n   F i g .  15. Lee  waves a re  
evident   a t  all a l t i t udes .   In   t he  50,0OO-to-60,0~0-ft  range,  these waves had  average 
wavelengths  of  about 18 mi and amplitudes  (half  the  height from  peak t o  trough) up 
t o  about 3,000 f t .  Two radiosondes were used i n   t h i s   a n a l y s i s .  One was launched 
at Granby (Fig,  16(a) and ( b )  ) which is upstream i n   t h e  mountains  approximately 
35 mi west-northwest  of the  Marshall  radar. The second was launched a t  Denver 
(Fig.  1 6 ( ~ )  and ( a ) )  which i s  downstream approximately 22 nmi southwest  of  the 
Marshall  radar. 

Six highly  s table   layers  were i d e n t i f i e d   i n  each  of  the two radiosonde  tempera- 
t u r e  prof i les   in   F ig .  16. There is  considerable   s imilar i ty  between the  two temper- 
a tu re   p ro f i l e s  which were about 55 nmi apart .  The correspondirg  stable  layers  in  the 
p ro f i l e s   a r e  as follows  ( the Granby layer  i s  given f i r s t ) :  1 and 8, 2 and 9, 3 and 
10, 5 and 11, and 6 and 12. O n l y  layers 4 and 7 do not  appear i n  both  prof i les .  

The wavelengths t h a t  would be  expected i f   i n s t a b i l i t i e s  were t o  occur were 
computed using X E  = (27r/J2)*2d and are shown in  Figs .   16(b)  and ( d ) .  Layers 
which  were subsequently  found t o  be  s table  when 2 a ( d V / d z )  was used i n  computing 
RiMm are  denoted by an as te r i sk .  

The charac te r i s t ics  of the  expected and observed waves a re  summarized i n  Table 
I under  "Colorado  Case." The layers  have  been  grouped according t o   t h e i r   a l t i t u d e s .  
The first seven  have mean a l t i t udes  between 57,715 and 67,195 f t  and are   associated 
with  the upper  group of isentropes  in   Fig.  15; the  remaining  five have mean a l t i t udes  
between 37,967 and 47,112 f t  and are  associated  with  the  middle group of isentropes.  
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The pr inc ipa l   resu l t s  of this analysis can be  seen upon examination  of Table I 
and Fig. 15. Consider the upper  group  of isentropes first.  The calculations 
ind ica te   tha t  a t  least two wavelengths  should  appear ( x E(*) = 2.4 mi and 

fk8l ;ers  requireA%’lncrease in   shear  on& s l i g h t l y  greater than n(dV/dz)  f o r  
RiMm 4 0.25. The isentropes  in  Fig. 15 show a dis t r ibut ion of observed waves 
approximately as indicated  in  Table I. Most of  the waves are between about  0.8 and 
2.3 mi, with several  between 4 and 5 nmi. These wavelengths  agree  well with the 
expected  values  except  for X E(8) = 6.3 nmi and X E(7) = 0.4 mi. The potent ia l  
temperature  for  the latter layer w a s  calculated  to   be 8 - 483 K and, judging by the  
potential  temperatures shown i n  Fig. 15, it is apparent  that  this layer  did  not come 
low enough i n   a l t i t u d e   t o  be in  the  region  of  the U-2 f l igh ts .  

XE(7)  = 0.4 mi) and that f i v e  more m i g h t  appear ( XE(li = 4.4 mi, h E i 3 )  = 2.0 mi, 
6.3 mi, = 2.2 mi, and XE 10) = 4.1 m ). Several of he latter 

The s m a l l  waves and turbulence  in  the  isentropes  appear  to start near  the 
upstream  peak and t o  extend  over at l ea s t   t he  next two troughs and peaks. As 
indicated  in  Table I, the   in i t ia l   shears  were both  positive and negative so that 
the s m a l l  waves  would be  expected at peaks and also  in  troughs. 

It is  ~ l s o  i n t e re s t ing   t o  compare the middle group  of isentropes i n  Fig. 1 5  with 
the  predictions shown i n  Table I. All five  layers   in  this  a l t i t ude  range were 
predicted  to remain s table  even  under the most pessimistic of assumptions,  i.e., 
using 2n (dV/dz) i n  computing R i~m.  No s m a l l  waves are  indicated  in  Fig. 15. 
D r .  Li l ly  has subsequently  indicated that f l i g h t s  were made through this  region at 
four levels;  no small waves  were observed i n  reducing  the data, and the   p i lo t s  d id  
not  report  turbulence. 

Concluding Remarks , 

The preceding  results  appear  to  confirm  that  very  stable  layers i n  the atmosphere 
can be destabil ized by increases  in sheax  caused by mountain l e e  waves. Moreover, it 
has been shown t h a t   s t a b i l i t y   c r i t e r i a  such as t h a t  of Drazin can be  used to   p red ic t  
the  onset of instabi l i ty ,   the  approximate  wavelengths t h a t  would occur, and the 
locations of the small waves and turbulence. 

This  flow phenomenon undoubtedly  occurs a t  a l l  altitudes  (not  only i n  the 
stratosphere).  As indicated  previously,  billow  clouds of the non-convective variety 
are  frequent  evidence of the phenomenon occurring  in  the  troposphere. It need not 
be associated with orographic  disturbances.  Shear-gravity waves (Ref.  28) can be 
created wherever a major  inversion and strong wind shear  occur,  such as is  often  the 
case at the  tropopause. These waves have wavelengths and amplitudes similar t o  those 
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of  mountain waves and  can  cause similm increases  in  shear  within  stable  layers.  
The  phenomenon can d s o  OCCUT when s table   layers  flow over  the  tops of la rge  
cumulonimbus clouds. 

Thus, the phenomenon could  be  responsible for an appreciable  fraction of c l e a r  
air turbulence  encounters. 
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a 

b 

C 

C 
i 

d 

d 
1 

d2 

E 

i 

k 

I 

n 

N 
M 

P 

r 

Re 

R i  

Amplitude  of wave (half   the  height from trough t o  peak), f t  or i n .  

Exponent i n   t heo re t i ca l   ve loc i ty   p ro f i l e   (F ig .  lo), dimensionless 

Complex  wave veloci ty ,  c = cr + i ci, f t / s e c  

Imaginary pa r t  of complex wave ve loc i ty ,   f t / sec  

Real  part  of complex wave ve loc i ty ,   f t / sec  

Shear-layer  scale  length, d = ( A v / ~ ) / ( ~ v / ~ z ) ,  f t  

Distance  from  surface t o  thermocline i n  water  channel, f t  

Distance  from  thermocline t o  channel  floor, f t  

Anemometer output  voltage, v 

Gravitational  constant , 32.2 f t / s ec  2 

Unit  imaginary number, A, dimensionless 

Wavenumber of  shear-gravity wave, k = 2rr/x f t - l  

Unit  length, f t  

sw 

Wave frequency, 2rrV0/XLw, sec-l;   also  coordinate normal to   i soba r s  or 
isotherms, nmi 

Brunt-Vitisalz  frequency, NM =J(g/To).  [(dT/dz) - (dT/dZ),d] i n   t h e  

atmosphere and J(-g/p)(dp/dz) in  the  water  channel;   sec-l  

Pressure, mb 

Radial coordinate measured  from center of curvature of water  channel, 
f t  or   in .  

Reynolds number, Re = VP/v ,  dimensionless 

Richardson number, R i  - ( d T / d ~ ) ~ ~ ] /  [dV/dz] 
i n   t h e  atmosphere and / [dV/dz] * in  the  water  channel,  
dimensionless 
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R i  
0 

S 

t 

T 

TO 

V 

VO 

vl’ v2 

X 

Y 

z 

Z 
0 

a 

I n i t i a l   o r  upstream  Richardson number, dimensionless 

Minimum Richardson number caused  by  influence  of  long-wavelength wave, 
dimensionless 

Coordinate  along  centerline  of  curved water channel  (Fig. 2 ) ,  f t  o r   i n .  

Time, sec 

Temperature,  deg C , K , or F 

Temperature a t   c e n t e r  of  shear  layer,  deg C y  K ,  or F 

Velocity,   f t /sec or k t s  

Velocity a t  center of shear   layer ,   f t /sec or k t s  

Velocit ies  in  upper and lower  streams  bounding  shear  layer,  respectively, 
f t / s ec  

Downstream coordinate  in  water  channel  (Fig.  2), f t  or   in . ;   a lso  dis tance 
along  f l ight  path,  nmi 

Transverse  coordinate i n  water  channel  (Fig.  2), f t  or   in .  

Vertical   coordinate  in  water  channel  (Fig.   2),  f t  or in . ;   a lso  pressure 
a l t i t u d e ,  f t  

Vertical  coordinate of center of shear  layer  in  water  channel , f t  o r   in .  

Wavenumber of  small-amplitude waves assoc ia ted   wi th-   ins tab i l i t i es   in  
shear  layers,  a = 2-rr/X, ft-I 

P 
2 

Parameter in   densi ty   prof i le   equat ion (Eq.  ( 2 ) ) ,  P =  Ri.d.(dV/dz) / g ,  
dimensionless 0 

AV Velocity  difference  across  shear  layer,  AV = V - V2, f t / s ec  1 

A(dV/dz) Change in  shear  caused by influence of  long-wavelength wave, sec -1 

(dT/a )ad  Adiabatic  lapse  rate,  (dT/dz)ad = -2.98 x deg C / f t  
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( W d Z  lo I n i t i a l  or upstream  shear,  sec-1 or kts/1,000 f t  

E Thickness  of  thermocline, f t  

17 Parameter in   ana lys i s  of sheax-layer  instabil i ty  induced  by  shear-gravity 
waves, 7 = (ke/2) tanh (kd ), dimensionless 1 

8 Potential  temperature  (see Appendix 111), deg K 

A Wavelength  of  small-amplitude waves assoc ia ted   wi th   ins tab i l i t i es   in  
shear layers, f t  o r  i n .  

x 
E (  ) 

Wavelength of i n s t ab i l i t y   e s t ima ted   t o  occur i n  atmospheric  shear  layer 
(number i n   b r a c k e t s   i d e n t i f i e s   l a y e r ) ,   f t  or nmi 

XLW 

A0 

XSW 

v Kinematic viscosi ty ,   f t2/sec 

P Density of water  or a i r ,  s lugs/f t3  

Wavelength of l e e  wave, f t  or nmi 

Wavelength  of i n s t a b i l i t y  observed i n  atmospheric  shear  layer, f t  or nmi 

Wavelength of shear-gravity wave in  water  channel, f t  o r  in .  

PO 
Density of water o r  air  a t   cen ter  of shear  layer,   slugs/ft3 

ply p2 Densi t ies   in  upper and lower  streams  bounding  shear  layer,  respectively, 
s lugs/f t3  

+ ( z >  Perturbation  amplitude  function  in  shear-layer  stability  analysis, 
&/see 

P Perturbation  stream  function  in  sheax-layer  stability  analysis, 
f t2/sec 



APPENDIX I 

SUMMARY OF OTHER FLUID MECHANICS  EXPERlMENTS 

Experiments with an O s c i l l a t i n g   P l a t e   t o  Induce 
Disturbances i n  a Shear Layer 

The da ta   i n   F ig .  9 ind ica te   tha t   the  downstream distances a t  which waves, 
vor t ices  and turbulence were first observed were s t rongly dependent upon the  shear .  
Attempts were made t o  induce  disturbances in   t he   shea r  layer so as t o  promote 
t r ans i t i on  from waves to   vo r t i ce s   fu r the r  upstream.  This was done using an 
osc i l l a t ing   p l a t e  which i n   p r i n c i p l e  was analogous to   the  vibratory  r ibbon used  by 
Schubauer and Skramstad i n   t h e i r  boundary layer  experiments  (Ref. 29) .  

The O.Ol5-in.-thick p l a t e  had a chord of 0.5 in .  and a span  of  23.5 in .  It was 
supported a t  t h e  ends and  midspan  by rods  connected t o  a frame which ran transversely 
above the   sur face  of the  water.  The p l a t e  w a s  posit ioned 10 in .  downstream of t h e  
f i l t e r  bed a t  a height  such  that it was near  the  center of the  shear  layer.  The 
p l a t e  was osc i l l a t ed   i n   t he   ve r t i ca l   d i r ec t ion  by an  electromagnetic  vkbrator a t  
frequencies from  0.005 t o  2 cps.  This  allowed a large  range of the  nondimensional 
wavenumber t o  be invest igated ( 0  <ad<2) .  A t  t he  lower  frequencies,  the  amplitude 
was  on the  order  of a q u a r t e r  of an  inch,  and the  waves t h a t  were generated  appeared 
similar t o   t h e  one shown in   F ig .   5 (b) .  

Although the  resul ts  were not   en t i re ly   cons is ten t ,   in   the   t es t s   wi th  R i  < 0.25, 
the   loca t ion  of t r ans i t i on   t o   vo r t i ce s   t ended   t o  move upstream of i t s  na tura l  
locat ion when the  forced a d  was c lose   t o   t he   na tu ra l   ad .  Also, it was observed 
tha t   i n s t ab i l i t i e s   cou ld   no t   be  induced i n  tests with R i  > 0.25. 

Experiments  with  Standing  Shear-Gravity Waves 

Standing  shear-gravity waves of the  type  discussed by  Haurwitz (Ref. 28) were 
a l so  s tudied  using  the water channel.  These waves occur when two adjacent stre.ams 
have d i f f e ren t   ve loc i t i e s  and densit ies  ( the  l ighter  stream  being on top ) .  The 
wavelength is given  by 

2 T V "  
xsw 9 ( " P , / P p )  [(X)'. 2 + I ]  
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where the  subscr ipts  1 and 2 denote  the  upper  ana  lower  layers,  respectively.,  In 
the  channel,  the  observed  wavelengths were from 1 2   t o  24 in .  and the  amplitudes 
(half  the height frm trough t o  peak) were as much as 1.5 in .  

The primary  reason  for  investigating  these waves w a s  t o  examine t h e  phenomenon 
discussed  in   the main tex t ,  that is, the   s i t ua t ion  where i n i t i a l l y  stable layers   are  
destabil ized by the  increase  in  shear  near  the peaks and troughs of  long-wavelength 
waves. 

The flow conditions and wave parameters which m u s t  e x i s t   f o r   l o c a l   i n s t a b i l i t y  
of the  flow  caused by reinforcement of t h e   i n i t i a l   s h e a r  a t  a c re s t   o r  a t rough  are  
described  using two inequal i t ies .  The first i s  

This s t a t e s  that the   i n i t i a l   shea r ,   t he  wave shear A (dV/dz), the  density  gradient 
and mean density must be  such that   the   f low with the  sheax-gravity wave i s  unstable 
local ly .   Inequal i t ies  (13) and (14) can be combined to   ob ta in  

Thus, the   required  condi t ions  for   the  f low  to  be local ly   unstable   are  that  the  
in i t i a l   shea r   be  between twice  the  Brunt-Vaisi9ii  frequency  and  twice  the  Brunt-Vaisas 
frequency minus the wave shear. One fur ther   re la t ionship i s  needed to   def ine   the  
wave shear  in  terms of the  flow  conditions and wave parameters. From Ref. 17, which 
considered  gravity waves in   t he  ocean, the  following  .can  be  derived: 
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where r ]  = (ks/2) tanh(  kdl) ,  k is. the  shear-gravity wave  wavenumber (k = 2 T /Am), E 

is the  thickness  of the thermocline, and d l  is the   d i s tance  from the  surface of t he  
flow t o   t h e  thermocline. The distance from the  thermocline t o   t h e  channel  floor 
would be dg. In   t he  water channel  experiments, dl NN d2. Subst i tut ion of Eq. (16) 
i n t o  Eq. ( 1 5 )   r e s u l t s   i n  

This inequal i ty  has  been shown graphica l ly   in   F ig .  17 i n  a form which allows 
in te rpre ta t ion  of the  experimental  observations. 

In  Fig.  17, the   o rd ina te  is the   absolute   value  of   the  ini t ia l   shear ,  (( dV/dz),l, 
and the   absc issa  is the  Brunt-Vzisiilii  frequency, NM. The l ines  emanating from the  
or ig in  are l ines   of   constant  77 for  values of 7) c lose   to   the   va lues  at which 
observations were made i n   t h e  channel.  For  the  value of 3 indicated on  any given 
l ine,   the   f low would be  locally  unstable due to  the  presence  of  the  shear-gravity 
wave only i f  the  experimental  point NM, I(dV/dz),( falls between t h a t   l i n e  and 
t h e   l i n e   f o r  7 = 00 . This  locally  unstable  region widens as 7) decreases. If an 
experimental  point fa l ls  outs ide  this   region and i n   t h e  upper  left-hand  corner,  then 
the  flow would have  been  unstable  even  without  the  shear-gravity wave because  the 
upstream  value of t he  Richardson number w a s  less than 0.25. If   the  experimental  
point  falls outs ide  this   region and i n   t h e  lower right-hand  corner,  then  the flow 
would remain stable  because even with  the wave, t he  Richardson number was not 
decreased enough t o  become less than 0.25. 

The experimental  points are a l so  shown in   F ig .  17. The so l id  symbols denote 
conditions a t  which no shear-gravity waves were observed. The  open symbols denote 
conditions a t  which shear   gravi ty  waves were observed,  and the  number adjacent t o  
the  symbol indicates  the  experimental   value of 3 . 

The only  point a t  which both  shear-Zravity waves  and an i n s t a b i l i t y   i n   t h e  
shear   layer  were observed was at NM = 0.57, I (dV/dz), I = 1.32, 7 = 0.8; t h i s   p o i n t  
i s  denoted  by  an a s t e r i sk   i n   F ig .  17. A photograph  of  the  bubble  traces  immediately 
downstream of the f i l t e r  bed i s  shown i n  Fig. 18( a) .  A photograph showing the  
vor t ices  which  formed  downstream of  the first trough is shown in   F ig .   18(b) .  It 
w i l l  be  noted in   F ig .  17 t h a t   t h i s   p o i n t  is jus t   over   the  3 = a l i n e  and i n   t h e  
region  of unstable flow  upstream.  Therefore, it i s  questionable whether t h i s  i s  a 
genuine  case  of a shear  layer  being  destabil ized by a sheax-gravity wave. 
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Taking into  considerat ion  other   factors  which a f fec t   the   charac te r i s t ics  of t h e  
shear-gravity waves that can  be  established i n  the  channel, it has  been  decided t o  
group the  hot-water  nozzles  (Fig. 2) c loser   together   in  f u t u r e  tests. This  should 
provide  thinner  thermoclines  (hence, smaller experimental  values  of 3 ), thereby 
increasing  the  probabili ty  of  obtaining  f low  conditions that are inside  the  region 
of locally  unstable  flow. 

Experiments  with  the Channel Walls Curved 

Experiments  were a l so  conducted  with  the  channel  side w a l l s  curved. The 
objectives of th i s   por t ion  of the  study were to   invest igate   isothermal   f lows with 
curvature and t o  cornparre the   r e su l t s   w i th   ex i s t ing   t heo re t i ca l   s t ab i l i t y   c r i t e r i a  
for  rotating  flows.  For  the  reasons  outlined below, su i tab le  data could  not  be 
obtained  for  these  purposes. 

Theoret ical   cr i ter ia   such as those of Rayleigh and Ludwieg (Refs. 30 and 31) 
indicate  that   the  parameter (r /V)/(dV/dr)  is impor tan t   for   s tab i l i ty .  The Rayleigh 
c r i te r ion   s ta tes   tha t   the   f low  should   be   s tab le   for  -1 < ( r /V) / (dV/dr ) .  The  Ludwieg 
cr i te r ion   pred ic t s   the  same except  for a neutral ly   s table   point  a t  (r/V)/(dV/dr) = +l. 

Accordingly,  the i n i t i a l  experiments  were  conducted so as t o  examine  flows 
ranging from -4 t o  +5 or  6. For   these  tes ts ,  dV/dz Z 0. Transverse  shears  in  the 
range -0.04< dV/dr < + 0.04 sec’l  were  obtained by t ape r ing   t he   f i l t e r  bed 
uniformly  across  the  channel. Most of these  flows showed  some unsteadiness, 
par t icu lar ly   near   the  downstream  end of the  channel,  although  turbulence  such as 
that   sham  in   Fig.   5(d)  w a s  not  seen. When flow  conditions were repeated,  the dye 
traces  did  not  always appeax t h e  same. Thus, t hese   t e s t s  were inconclusive. 

Tests were subsequently  conducted  with much larger  shears.  .These were 
es tab l i shed   us ing   f i l t e r  beds t h a t  had a constant  thickness  over most  of t h e   l e f t  
s ide  of the  channel, a different  thickness  over most of the  r ight   s ide,  and a ramp 
section i n  between (similar t o   t h e   f i l t e r  bed sect ion shown i n  the  sketch  in  Fig.  5, 
only in  the  x-y  plane. The flow  therefore had a transverse  shear  layer similar t o  the 
ver t ica l   shear   l ayers   tha t  were studied  (Fig. 5), and the  flow  patterns  during 
breakdown  were a l so  similar. 

The pr inc ipa l   resu l t  i s  shown in  Fig.  19. The loca t ions   a t  which the f i r s t  
waves, vort ices  and turbulence were observed  axe shown for  values of dV/d r  from 
-0.25 t o  -10.54 sec’’. It i s  evident  that  a s  the  shear  approaches  zero,  the f i rs t  
observable waves occur  further and fur ther  downstream. For   these  tes ts ,  r / V  = 100 
t o  150; thus, all of  the  points shown are  outside  the  region -1 < ( r / V )  (dV/dr) < +1 
except  the one at &/dr = 0. This  explains why the   in i t ia l   resu l t s   a re   inconclus ive  
and poin ts   ou t   the   re la t ive   d i f f icu l ty  of a t ta ining  the  s ta ted  object ives   in   the 
120-in.-long  channel. 



It will be  noted in   F ig .  19 tha t   t he   t r end   l i nes  are asymmetrical  about 
dV/dr = 0. The i n s t a b i l i t y  is observed fu r the r  upstream for  negative  shears 

(velocity  decreasing  radially  outward)  than  for  posit ive  shears.  

Preliminary tests were also conducted  with  transverse  temperature  gradients 
imposed using  the  vertical  hot-water  nozzles. The objective was t o  determine  whether 
transverse  gradients  could  in  fact   be  established  in  the  channel.  The r e su l t i ng  
flows were steady,  al though  substantial   vertical   temperature  gradients a lso  occurred. 
The  maximum t ransverse   g rad ien t   in   the   t es t s  was about d T / d r  = -4 deg F/ft ;  t h i s  
was accompanied  by a ver t ica l   g rad ien t  of  about dT/dz = +35 deg F/f t .  
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APFBNDIX I1 

STJWARY OF mmoRomIcAL ANALYSES OF 
SIX CiXAR A I R  TURBUIENCZ ENCCllRYTERS* 

Six  different  CAT cases  from airl ine,  military, and AFCRL-NASA experience were 
analyzed. The primary objectives of these  analyses  were: (1.) to   ident i fy   charac te r -  
i s t i c  atmospheric flows associated  with CAT fo r  inves t iga t ion   i n   t he   f l u id  mechanics 
experiments, (2) to   ident i fy   meteorological   features   associated  with CAT and sources 
of i n s t a b i l i t i e s   i n   t h e  atmosphere, (3) t o  determine  which f l u i d  mechanics param- 
e t e r s  might  be suitable as s t a b i l i t y   c r i t e r i a ,  and (4)  to   obtain  quant i ta t ive 
atmospheric data f o r  comparison with laboratory data. 

Method of Analysis 

For the CAT cases   selected,   char ts   for   sea   level  and all standard Cp leve ls  
between  850 mb and 150 mb --- higher   in  some cases --- were  analyzed t o  show pres- 
sure  gradients,  wind  and temperature  f ields.   Frontal  and  tropopause  intersections 
wi th  these  surfaces  in and adjacent to   the  turbulent   regions were located at standard 
hours  before,  during, and after  the  turbulence  encounters.   Information  used  in  these 
analyses  included data from research   a i rc raf t   (Pro jec t   Je t  Stream, HICAT, AFCRL), 
a i r l i n e  flights (EAL and UAL) , and rawinsondes  obtained  from  the U. S. Weather 
Bureau a t  Ashville , N. C . Time and  space  cross  sections  through  significant  regions 
aided i n  the  ident i f icat ion of d i scon t inu i t i e s ,   j e t  steams,  and other  meteorological 
features.   Auxiliary  plots on the thermodynamic diagrams were prepared when neces- 
s a r y  to   locate   inversions and in s t ab i l i t y   l aye r s ,  and for  the  calculation of specif ic  
parameters  (i.e. , Richardson  numbers, e tc .  ) . Part icular   a t tent ion was given t o  
f ront  and tropopause  analysis t o  achieve  consistency from l e v e l   t o   l e v e l  and from 
time t o  time.  Frontal and  tropopause  contour  charts  were  found t o  be especial ly  
useful  for  analyzing  the  characterist ics of these  discontinuities.  

Primary Results 

Table I1 summarizes the flow conditions  for all six  cases.   Figure 20 i s  an 
idealized  cross  section showing the  turbulence  regions  re la t ive  to   the  f ronts  and 
tropopause. 

* Prepared  by E.  Brewster  Buxton,  Consulting  Meteorologist. 



1. Project Jet Stream F l igh t  29 flown  over New England on 4 Apri l  1957 

This f l i g h t  was selected  for  study  because (1) the flaw was anticyclonic and 
(2 )  CAT was reported  along a tropopause  surface and a t  the   f ronta l   in te rsec t ion  on 
the  north  s ide of the   j e t   s t ream.  The well-instrumented B-47 provided a large amount 
of da t a  a t  a l l  l eve l s  which, when combined with  rout ine MOBS from the  area,-made 
it possible   to   analyze  the  pr incipal   c i rculat ion and thermal  patterns.   Significant 
features iden t i f i ed   i n   t he   ana lys i s  of this  case  included: 

Evidence  of turbulent  eddies - VGH da ta  
Anticyclonic s t r e d i n e  curvature 
Density  discontinuities --- tropopause  and f ron t  
Ver t ica l  motion  and  cooling --- rising  tropopause 
Possible waves on tropopause  surface 
Mountains  below j e t  core 
High pressure  ridge moving eas t  
Front moving northward. 

- 2.  Project  Jet  Stream ~~ Fl ight  27  flown -~~ ~~~ over  Georgia,  29 March 1957 

In  this  case,  moderate/severe  turbulence was encountered a t  a point where the 
tropopause  sloped downward t o  meet the  polar   f ront   a t  35,000 f t .  The flow was 
cyclonic  with a  marked s h i f t  from  northwest t o  southwest a t   t he   f ron ta l   i n t e r sec t ion .  
Horizontal wind shear was the  most s ignif icant   feature   in   this   case,   reaching a 
value  of 35 k t s   i n  7 nmi, an extreme  not  exceeded i n  any other   Project   Je t  Stream 
f l i g h t .  

3 .  Severe CAT a t  . .  Frontal   Surface,  " Jacksonville,  -. ~ Florida,  29 November 1966 
~. " .  

Four of f ive  severe   jol ts   in   rapid  succession (maximum 2.5 g ,  measured  from 
1.0 g datum)  were  encountered a t  17,000 f t  as   the  Electra   a i rcraf t   cruised  north-  
ward.  Turbulence  continued  during  descent  into  Jacksonville t o  11,000 f t .  The 
analysis  indicates  that   the  turbulence  occurred on a sloping  frontal   surface.  
Between 17,000 and 11,000 f t  i n   t h e   v i c i n i t y  of Jacksonville,   the  frontal   slope 
was 1/80 and the  layer  was about 6,000 f t  thick  (s table   layer) .   Far ther   north  the 
front  sloped  sharply up t o  a ver t ical   posi t ion  joining  with  the  t ropopause  a t   about  
30,000 f t .  The core of the  je t   s t ream was centered  unusually low (between  22,000 
and 25,000 f t )  with a m a x i m u m  wind est imated  to  be 175 k t s .  

The  Cp charts   indicated a sharp  north-south  trough  with wind d i rec t ions   sh i f t ing  
from  nortnwest t o  southwest i n   t h e   v i c i n i t y  of the CAT encounter. While CAT probably 
occurred  along  the  frontal   slope for several  hundred miles,  it i s  l i k e l y   t h a t   t h e  
most severe  turbulence  was'associated  with  the wind direct ional   sheax  a t   the   t rough.  
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4. UAL CAT Incident ,  -Wyoming, 29 March 1967 

Severe CAT was encountered a t  37,000 f t  about 40 nmi southwest of Crazy Woman 
VOR i n  Wyoming by  a  United A i r  Lines f l i g h t  on an eastbound  course a t  1937 GMT. 

This case was selected  for  analysis  because  of i t s  assumed r e l a t i o n s h i p   t o  
mountain wave conditions. However, upon analysis  it appears  that  the  turbulence 
encountered was associated more d i r ec t ly   w i th  a  tropopause  boundary  near i'ts 
intersect ion  with  the  polar   f ront .   In   the  region of the  turbulence, between  34,000 
and 38,000 f t  an unusually  steep  gradient on the   s t ra tospher ic   s ide  of the  sloping 
tropopause  boundary (8 C i n  160 nmi) prevailed.  Evidence of mountain wave a c t i v i t y  
i s  a l so   ava i lab le   bu t  may not   by  i tself   account   for   the CAT. 

Several  synoptic  features commonly associated  with CAT were present on the   da te  
of t h i s   i nc iden t :  

( a )  A deep  trough  of low pressure west of  the  Rockies  producing  a  strong  flow 
of  winds a t   r i g h t   a n g l e s   t o  mountains i n  Wyoming, with  the  core  of  the j e t  stream 
a t  34,000 f t  (130 k t s ) ; .  

(b )  A deepening  cyclone on the  polar  front,   occluding  as it moved northward 
over Utah and Wyoming i n t o  Montanna with  act ive  f ronts ;  

(c)  Steeply  sloping  tropopause  surface  over  the  Pacific  Northwest,  dipping 
from  38,000 f t  over  the  Dakotas,  intersecting  the  Polar  Front a t  32,000 f t  over 
Utah and dipping  further t o  26,000 f t  over  Washington and  Oregon. I n   t h i s   s i t u a -  
tion,  the  tropopause  surface was changing  rapidly  in   height   as   a   resul t   of   wel l -  
defined waves on the  surface.  

5. CAT Detected by Multiwavelength  Radar a t  NASA Wallops Island,  Virginia,  
28  February 1968 - . ~~ -- _.".. . - ~ ~ . ." . . . . ". .~ " . ~ ~ . " 

The significant  association  of CAT patches  with  clear-air  echoes  detected by 
sensi t ive  ver t ical ly   pointed  radars   has  been reported by K. R .  Hardy  and colleagues 
a t  AFCRL. Because of the  f ine-scale   resolut ion of radar  returns,   the  supporting 
aircraft   observations and the  special  rawinsonde data   obtained  in   the AFCRL t e s t s  
a t  NASA Wallops Is land,  one of  the  cases of moderate-to-severe  turbulence which 
occurred  in  the  vicinity of the  tropopause was examined with  the  object  of  determining 
fur ther   charac te r i s t ics  of the  tropopause  in  the  regions of CAT. 



These analyses showed the  structure  of  the  fronts  involved and the  configura- 
t i o n  of the  tropopause  surface 6 hours  before  and 6 hours   af ter   the  CAT observa- 
t ions .  No d e f i n i t e  wave forms on the  tropopause  surfaces were evident. The posi- 
tion  of  the  tropopause  and  frontal surfaces over NASA Wallops Is land,  and t h e i r  
slopes,  were confirmed  by  consistency and cont inui ty  between the  various  charts 
analyzed. 

The meteoro logica l   s i tua t ion   in   th i s  case was complex with  occluded waves on 
the   po lar   f ron t   in   very  low la t i tudes   r e su l t i ng  in bent-back  occlusions,  secondary 
f ron t s  and double j e t  m a x i m a .  It i s  l i k e l y   t h a t  CAT occurred on  some of these 
f ronts ,   bu t   the  test  da ta  was obta ined   loca l ly   in   the   v ic in i ty  of NASA Wallops 
I s l a n d   a t   l e v e l s  above the   f ron t s  at the  tropopause. 

6. Stratospheric  CAT and  Mountain Waves  Over Cal i fornia ,  1 5  May 1964 

The tropopause was  the  only  discont inui ty   in   the  region  of   the  f l ights   (polar  
f ron t  and j e t  core were  over Oregon and Washington). The flow over  the  mountains 
was southwesterly  in  the  troposphere,  reaching a maxixhum of approximately 80 k t s  
j u s t  below the  tropopause a t  41,000 f t  and decreasing  to  30 k t s   i n  a deep  inversion 
layer  above the  tropopause which  extended t o  above 7O,OOO f t .  The flow was 
anticyclonic a t  a l l  l eve l s  above 20,000 f t .  

No significant  frontal  displacements  occurred  during  the 24 hours  preceding 
these   f l igh ts ,  and the  tropopause  remained a t   t h e  same pressure  a l t i tude (41,000 f t) .  
Waves detected by analysis  of U-2 t raverses   in   the  s t ra tosphere  ( isentropic   s t ream- 
l i nes )   appea r   t o  have  been i n i t i a t e d  by  mountain waves produced  below. 

Horizontal  temperature  gradients  in  the  stratosphere were weak above the  port ion 
of the  tropopause which was nearly  horizontal ,   but  steepened  sharply  north of the 
a r e a   i n  Oregon and  Washington  where the  tropopause  dipped  sharply downward t o   i n t e r -  
s ec t   t he   po la r   f ron t   a t  300 mb over Sea t t l e  and Spokane. This  strong  gradient  in 
the  stratosphere  over  the  sloping  portion of the  tropopause  has been not iced   in  
other  cases  studied  ( i .e. ,  UAL Wyoming case) and i s  bel ieved  to  be charac te r i s t ic  
of horizontal  (Cp)  temperature  patterns  over j e t  streams. 

Considering  the  relatively  inactive  synoptic  si tuation and the weak shears 
present,  the  turbulence  reported i s  judged t o  be  associated  with mountain wave 
ac t iv i ty .  
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APPENDIX I11 

GLOSSARY OF PRINCIPAL METEOROLOGICAL  TERMS 

adiabat ic   lapse rate - The rate of  decrease  of  temperature  with  height of a pa rce l  
of  dry air l if ted  adiabatically  through  an  atmosphere  in  hydrostatic  equilibrium. 
The rate of change of  pressure  with  height is  dP/dz = -gp and the  adiabat ic  lapse 
r a t e  is (dT/dz),d = -( g /  YR)( Y- 1) = -2.98 x 10-3 deg C / f t ,  where R i s  the  gas 
constant and y i s  tk r a t i o  of  spec i f ic   hea ts .  Note t h a t  a minus s ign  i s  used i n  
t h i s   r e p o r t   f o r  all cases where temperature  decreases  with  altitude. 

Brunt-Vaisaa  frequency - The natural  frequency of o s c i l l a t i o n  of a v e r t i c a l  column 
of f l u i d  given a small displacement from i t s  equilibrium  posit ion.   In  the water 
channel, N Z  = -(g/p  )(dp/$z);  in  the atmosphere, NM 2 = (g/To) a [ (dT/dz) - (dT/dz)ad].  

environmental  lapse  rate - The r a t e  of change of temperature  with  height  in  the 
atmosphere, (dT/dz).  I n   t h i s   r epor t ,  a minus sign is  used f o r  all cases where 
temperature  decreases  with  altitude. 

isentrope - A l i n e  of  constant  potential  temperature . 
mountain wave, lee wave - A gravity  mve  disturbance which i s  caused by, and 
s ta t ionary  with  respect   to ,  a bar r ie r   in   the   f low  such  as a mountain  range. 

potential   temperature - The temperature a parcel  of dry a i r  would have i f  brought 
adiabat ical ly  from i t s  in i t i a l   s t a t e   t o   t he   axb i t r ax i ly   s e l ec t ed   s t anda rd   o f  1000 mb.  
The equation for potential   temperature is 8 = T(1000/P) ( Y -  I ) / Y  

Radiosonde - A balloon-borne  instrument for  the  simultaneous measurement and t rans-  
mission  of  meteorological  data. 

shear-gravity wave - A combination  of  gravity waves  and Helmholtz waves  on a surface 
of  discontinuity of density  and  velocity. The densi ty   difference  contr ibutes   to  
s t a b i l i t y  and the   ve loc i ty   d i f f e rence   t o   i n s t ab i l i t y .  

stratosphere - The atmospheric shell   extending upward from the   t ropopause  to   the 
a l t i t u d e  at which temperature  begins to   increase   wi th   increas ing   a l t i tude  (82,021 f t  
i n   t h e  ICAO Standard  Atmosphere). 

thermocline - A ver t ical   temperature   gradient   in  some layer   of  a born of water which 
i s  appreciably  greater  than  the  gradients above and  below it. Also, a l a y e r   i n  
which such a gradient  occurs. 
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tropopause - The boundary  between the  troposphere and stratosphere, usually 
characterized by an abrupt change  from l e s s   s t a b l e   t o  more s table   lapse  ra tes  
(36,089 f t  i n   t he  ICAO Standard  Atmosphere). 
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TABLE I 

CRAWL-ISTICS OF MpECl'ED AND OBSERM) SMALL-WAVELENGTH WAVE3 
FOR CALLFO~IA Arm COLORAW LFE n A m  CASES 

Case - 
California 

Mean 
Stable  Altltude, 8, 
Layer T t  d e  
" 

{ 37,550 334 
41,900 354 

I 1 60,718 451 
2 62,108 461 

7 67,195 483 
3 59.114 440 

8  59,232 446 
9 62,021 465 

4 47,112 3% 
10 57,715 435 

5  43,055 366 
6 38,964 339 
11 43,475 375 
12 37,967 344 

Iacatian in 
Ezpected 

Lee Waves 

Peak 
trough 

trough 
trough 

p e a  
trough 

peak 
trough 

trough 
t rough 

peak 
trough 

trough 
trough 

77.6 
8.7 

5.4 
3.5 

486.7 
10.4 

757.9 
26.5 

4.9 

2.2 
1.1 

2.6 
83.1 

158.9 

0.88 
0.52 

0.36 
0.20 
0.62 
0.20 
0.61 
0.33 

0.48 
0.46 

0.59 
0.83 
1.66 
5.09 

I %IN - 
0.07 
0.17 

0.12 
0.06 
0.20 
0.05 
0.18 
0.08 

0.27 
0.16 

0.27 
0.40 
0.48 
1.63 

appem t o   s t a r t  

5@:1.2-1.8; extend downstream 
35&:0.8-1.2; a t  PC& and 

15&:1.8-2.3; through at l e M t  

between 4-5 two peaha 
several two troughs and 

30 

no 
no 

no - pilots  reported very l i t t le o r  

no 
no turbulence. 

no 

(1) L.yers 1-6 from Cranby radiosonde; layers 7-12 rrom  Denver redlosonde 
( 2 )  Yes for  4 great- A (  d v f d z ).  
(3) Yes for  27% greater A( d v /   d z  ). 
(4 )  Yes for  15% greater A( d v /  dz  ) .  



TABLE I1 

AlMOSPHERIC CONDITIONS ASSOCIATED WITH CLEAR AIR l"J3ULENCE CASES lMTESTIGATED 

T -2- I -3- -4- -5- -6- 
Wallops Island 
R a d a r  Tests 
28 Feb, 1968 

Project ' E A L  ~ UAL 
J e t  Stream 1 Jacksonville,  Fla. ~ Wyaning i 

U-2 Strstospheric 
Probes 
CalifOrni8 
15 M a y ,  1964 

Anticyclonic 
Jet Core 
wsw 120 kt8  

32,000 f t  PA 

Tropopause 

Project 
J e t  Stream 
F l t  29 
New England 
4 Apr, 1967 

Flow Pattern Anticyclonic 

WNW 170 kts 
J e t  Core 

36,000 f t  PA 

Meteorological 
Features 

Tropopause 

1 Front 
and Polar i 

F l t  27 1 29 NOV, 1966 
Georgia 
29 Mar, 1957 

Cyclonic Cyclonic 
J e t  Core 
SW 145 kts  

J e t  Core 
West 165 kts  

37,000 f t  PA 20,000 f t  PA 

I 

-I 
Cyclonic 
J e t  Core 
wly 136 kts 
30,000 ft PA 

Anticyclonic 
J e t  Core 
SWly 130 k ts  
34,000 f t  PA 

Tropopause j 
Polar  Front I Polar  Front 
Intersection 

1 

Tropopause Tropopause 

t 1 Possible Source 
of Ins tab i l i ty  

Gravity waves 
on discontinuity 
surface. Moving 
Front and Trop. 

ShearGravity Shear-Gravity 
Waves Waves 

i 
Gravity waves 
i n  s table   layer  
above Tropopause 

Waves on 
Tropopause 

Gravity  mves on 
Trop. induced 
by  mountains i 

t t -I 
Significant 

' Parameters 

-I= 
vl , 

Vertical Wind 
Shear.  Possible 
Dynamic Instab- 
i l i t y .  

Strong  hor. temp. 
gradient 5,000 f t  
Inversion layer 
above Trop. Rapidly 
changing front  and 
Trop. contours 

Inversion 
10,ooo + ft 

Strong temp. 
gradient in 
stratosphere 
north of 
f l igh t   a rea  

Hor. Wind Shear Vert. Wind 
Vert. Wind Shear Shear, 
Possible Dynamic Inversion 
Ins tab i l i ty  

-0.03 sec-' 0.06 sec-l 
c 

, dV/dz 
Quantitative Data -0.023  sec-l -0.02 sec-l -0.003 sec-' 

Troposphere; 
0.006 aec-1 

(20  kts/240 mi) 
0.00004 sec-l 1 0.0013 sec-l I 0.0004 sec-l 
(15 k t s / l O O  mi) ;  (35  kts/7 mi)  (1.6 kts/nml) 
0.0005 sec-l 
( 2  kts/nmi) st 
Front 

i Negligible 

! 

O.ooOo35  sec-' 
(0.13 kts/ml) 

0.05 C/mi 0.02 c/mi I tdT/dnl 0.08 C/mi 0.05 C/mi 0.25 C/mi 0.2 C/nrni 

I 1 1.6 C/mi ( loca l )  I 

7 1  Inversion iO.3 
dT/dZ +1 C/lOOO ft 0 t o  +2 C/lOOO ft i Isothermal i to.6 C / ~ O O O  f t  

(5000-ft  layer); 
then  isothermal 

Coriolis 
Parameter 

United Air Lines Ref. p Ref. 32 of Information 
Primary  Source 

0.0001 sec-l 0.00007 sec-l 0.000078 sec-l 0.0001 sec-l 
" 

40,000 f t ;  then 
Isothermal t o  

1 C/l00O ft 

0.000085 sec 
-1 

O.ooOo85 sec'l I 
AFCRL Ref. 34 -1 



FIG. 1 

PHOTOGRAPH OF UARL WATER CHANNEL 
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FILTER 

SKETCH OF UARL OPEN WATER CHANNEL 

GLASS TABLE 
WALLS CURVED \ 



FIG. 3 

EFFECT OF TEMPERATURE ON PROPERTIES  OF  WATER 

DERIVED  FROM  DATA IN REF. 1 

-40 x 
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FIG. 4 

TYPICAL  VELOCITY,  TEMPERATURE AND  DENSITY  PROFILES  FOR 
SHEAR-LAYER  EXPERIMENTS' 

- - - - CORRESPONDING  PROFILE IN DRAZIN'S  THEORY 

.= 0.51 SEC" -I" 
III(I 
(b) Ri = 0.141 

VELOCITY,  V - FTISEC 

36 DEG 
F/FT 

I I 
A0 60 

d p =  -0.84 x 10-3 

- a  * (SLUGS/FT3  )/FT 
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FIG. 5 

TYPICAL STAGES -OF BREAKDOWN OF FLOW  IN SHEAR LAYER 

FLOW ~ 

1"~ 

+A"-+ h 

.............................................................................  FLOOR ". . . . 

z = 0 IN. 

(a) x = 11 IN. - UNDISTURBED (b) X = 19 IN. - WAVES 

(c) X = 38 IN. - VORTICES (d) X = 66 IN. - TURBULENCE 



FIG. 6 

ANEMOMETER  TRACES FOR DIFFERENT STAGES IN BREAKDOWN OF SHEAR LAYER 
Vo = 0.08 FT/SEC aV/& = -0.8 SEC" dT/& = 0 

SEE FIG.5 FOR  SKETCH  OF  FLOW  PATTERN 

(a) x = 10 IN. - UNDISTURBED 

(b) X = 20 IN. - WAVES 

( c )  X = 32 IN. - VORTICES 



FIG. 7 

SKETCHES  OF  APPROXIMATE  SPECTRA  FOR DIFFERENT STAGES 
IN BREAKDOWN  OF  SHEAR  LAYER 

V, = 0.08 FT/SEC 

BASED ON ANEMOMETER  TRACES  IN FIG.6 

OS I 
(a) x = 20 IN. - WAVES 

Oo4 0.3 t 
I 

W 
(b) X = 32 IN. - VORTICES 
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d 0.4 
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> 
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w 
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w 
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w 0 '  I 

I I I 1 I I 

I- 
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I 
x - ( c )  X = 68 IN. - TURBULENCE 

n I I 1 I I 1 I 

APPROXIMATE  WAVELENGTH, h - IN. 



ry' 
rn 
W 

Z 
4 

COMPARISON  OF  WATER  CHANNEL  RESULTS  WITH  DRAZIN'S  CRITERION  FOR  STABILITY 

n 
0 

RICHARDSON  NUMBER, Ri  



FIG. 9 

EFFECT OF SHEAR ON DOWNSTREAM DISTANCE  AT WHICH  WAVES, VORTICES 
AND TURBULENCE WERE FIRST OBSERVED 

SEE  FIG. 5 FOR  SKETCH  OF  TYPICAL  SHEAR-LAYER  BREAKDOWN 
SYMBOLS SAME AS IN  FIG.8 ; 0 < Ri < 0.25 - - -TREND  IN  .DATA 

(a) FIRST WAVES 

CONSTANT  AMPLITUDE  RATIO 
FOR HELMHOLTZ  INSTABILITY  (THEORY) 

d I 
I u 

0 20 40 80 100 120 

(b) FIRST  VORTICES 

(c) FIRST  TURBULENCE 

4 1  \. 
\ 

DOWNSTREAM DISTANCE, x - IN. 
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COMPARISON  OF THEORETICAL STABILITY CRITERIA FOR  TWO TYPES 
OF VELOCITY AND  DENSITY PROFILES 

CRITERION  VELOCITY  DENSITY 

- DRAZIN v = vo + E . T A N H  2 (7) P /Po= 

(a) E X A M P L E S   O F   P R O F I L E S  

V = V +-SECH A V  - TANH z o  
O 2  ('izo)' ( d ) 

Vo = 0.0585 FT/SEC, A V / 2  = 0.0305 FT/SEC, d = 1.0 IN., 

z0 = 2.7 IN., po= 1.93865 SLUGS/FT3, R i  = 0.14 

i 

N 

0 2 5 -  
0 
J 

A 

1.0 

U (SLUGS/FT3)/FT 
- 

4 1 -  
I- ' \  
20 I I I I I I I 

- 
I 

0 0.02 0.04 0.06 0.08 0.1 1.938  1.939 
VELOCITY,  V - 

.FT/SEC 
DENSITY,  p - 

(SLUGS/FT3) /FT  

P /Po= - B.TANH (7) 

(B)   CRITERIA 
1.8 I 1 

-u 
1.4 

2 
W 

1.2 5 
Z 

y 1.0 
U z 
2 0.8 
W 

0.2 

n 

t UNSTABLE ' \ STABLE 

\ 

" 0  0.1 0.2 0.3 0.4 
RICHARDSON  NUMBER,  Ri n 

F 
4 

0 



EFFECTS OF  LONG-WAVELENGTH WAVES ON STABILITY 
OF  ATMOSPHERIC SHEAR LAYERS 

(a) SCHEMATIC  OF FLOW CONDITION 

V 

MAXIMUM  SHEAR, 

V T 

EDGES  OF  SHEAR  LAYER 

WAVE 
IN LONG-WAVELENGTH 

UPSTREAM WIND AND 
TEMPERATURE 
PROFILES 

(b) EFFECT  OF  LAPSE  RATE AND SHEAR ON RiMIN FOR TYPICAL WAVE CONDITIONS 
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u 0.2 
U 7 
I 0.02 SEC-' 
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I z 

0 
-2 - 1  0 1 2 3 

I I I 1"- -L - _= 
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-2 - 1  0 1 2 3 4 

I I I 1"- -L - 1 
ENVIRONMENTAL  LAPSE  RATE, a T / a z  - DEG  C/FT 

x 10-3 



~ 

FIG. 12 

PREDICTION OF UNSTABLE  WAVELENGTHS IN ATMOSPHERIC 
SHEAR  LAYERS  USING  DRAZIN'S  CRITERION 

0 I I  I I I I 1 
0 1  2 3 4 5 6 X 1 0 3  

6 
(b) Ri  = 0.20 

5 -  

4 - STABLE 

STABLE 
(ad > 0.851) 

0 1 2 3 4 5 1  
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,e: , S T A Y E  1 
0 1 2 3 4 5 6  

(ad > 0.941) 
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x 103 

X 103 

SHEAR-LAYER THICKNESS, 2d - FT 
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ISENTROPES  FOR  CALIFORNIA LEE WAVE CASE 
BASED ON DATA FROM NICHOLLS 

AIRCRAFT FLIGHT PATHS  APPROXIMATELY SO DEG TO  WIND 
FEBRUARY 3, 1967 - 2021-2034 GMT 

- ISENTROPES 
....... FLIGHT PATHS - TURBULENCE 

(a) RUN 1 - EASTBOUND 
} APPROXIMATE 

W 
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2 40 
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.......... 
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!I 32 I I I I I 1 I I 1 1 I 1 I 

5 42 x 103 
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60 X 10: 

50 

I- 

I 
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I- 
F 30 

WIND AND TEMPERATURE  PROFILES  FOR  CALIFORNIA  LEE  WAVE  CASE 
BASED  ON DATA FROM  NICHOLLS 

FEBRUARY 3, 1967 - 2021-2034 GMT 
PROFILES  ARE COMPOSITES OF  AIRCRAFT AND  RADIOSONDE DATA 

A = ( 2 t r / f l X 2 d  
SEE TABLE I FOR  ADDITIONAL  DETAILS 

I) WIND 

* x lD3[ 

(b) TEMPERATURE 
I I 1 I I I I 1 I 
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ISENTROPES  FOR  COLORADO LEE WAVE  CASE 
BASED ON DATA FROM LlLLY 

FEBRUARY 15, 1968 - 2200-2400  GMT 
AIRCRAFT  FLIGHT  PATH5  APPROXIMATELY  PARALLEL TO WIND 

- ISENTROPES 
. . . . . . . . . FLIGHT  PATHS - TURBULENCE 
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80 x 103 

70 
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50 

40 

WIND AND TEMPERATURE  PROFILES  FOR COLORADO LEE WAVE  CASE 

BASED ON DATA FROM LlLLY 
FEDRUARY 15,1968 - 2200-2400 CYT 

PROFILES FROM  RADIOSONDE DATA 

A,=(?  IT/^%) X 2d 

A; DENOTES WAVE UNLIKELY TO OCCUR 

SEE TABLE I FOR ADDITIONAL  DETAILS 

:a) WIND - CRANBY, 20% CMT 
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FIG. 17 

STABILITY BOUNDARIES FOR SHEAR LAYERS IN SHEAR-GRAVITY WAVES 
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FIG. 18 

PHOTOGRAPHS SHOWING INSTABILITY  IN SHEAR LAYER POSSIBLY 
CAUSED BY SHEAR-GRAVITY WAVE 

NY = 0.57 SEC" (dv /dz) ,  = -1.32 S E C - ~  T]  = 0.8 

(a) UPSTREAM  VELOCITY  PROFILE 

CHANNEL SURFACE P \ 

HYDROGEN 
BUBBLES 

DYE  STREAMER 

.:cp 
1, 

CHANNEL  FLOO I d  

(b) VORTICES  WITHIN SHEAR LAYER 

CHANNEL SURFACE 7 

CHANNEL FL .OOR- 
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FIG. 19 

EFFECT OF TRANSVERSE SHEAR ON DOWNSTREAM DISTANCE AT WHICH  WAVES, 
VORTICES AND TURBULENCE WERE FIRST OBSERVED 

CENTERLINE  RADIUS = 11 F T  d T/dz, d T/d r AND d V/d z = 0 

r/V = 100 TO 150 SEC 
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FIG. 20 
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IDEALIZED CROSS SECTION  SHOWING  CAT  ENCOUNTERS RELATIVE 
TO  FRONTS  AND  TROPOPAUSE 

SEE TABLE lf AND  APPENDIX I[: 

CASE - 1 PROJECT  JET  STREAM  FLIGHT 29 

2 PROJECT  JET  STREAM  FLIGHT 27 

3 EAL,  FLORIDA 

4 UAL, WYOMING 

5 WALLOPS  ISLAND 

6 CALIFORNIA - U-2 
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